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\ general discussion is given of methods used in the analysis of N 
molecular 
Results are given for the region 2.15 to 2.48 uw (4,060 to 4,700 
been measured. 
inversion-doubled perpendicular combination band v2 +»; 
and the 


YH, vibration-rotation 


constants and the determination of line 
These have been analyzed into 
(vo =4416.908 and 4434.610 
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2.9 ecm-? Complete 


2 atm—'). 
12 and 10, respectively, permitting 


determinations of molecular constants, which include numerous higher-order effects involving 


the interaction of rotation, vibration, 
of 0.57 em~! atm~!, when A 


1. Introduction 


The vibration-rotation spectrum of ammonia, N Hs, 
las been extensively studied in the past [1],° and the 
main features of the molecular structure are under- 
stood. 

It isa pyramidal molecule (symmetry C;,) with the 
Natom approximately 0.38 X 107° cm above the plane 
of the three hydrogens, and the N-H distance approx- 
imately 1.02X10°* cm. The rotational structure is 
that of a symmetric top. Because the pyramid 1 
rlatively flat, and the potential barrier to inversion 
of the nitrogen relatively low, each state is not only 
characterized by the six vibrational quantum num- 
bers yyrors'v, and the rotational quantum numbers 
J, K(—J<z Ke), but also by the symmetry (s,a) 
with respect to the inversion plane. The inversion 
plitting in the ground vibrational state is ~0.79 
em~'. 

Although the basic structural features just men- 
tioned are established, there are a number of respects 
in which additional study with the high resolution 
afforded by modern infrared spectrometers appears 
desirable. Only one parallel band, the », fundamen- 
tal near 10 w has been [2| observed with resolution 
sufficient to separate the A-substructure of the lines, 
and only a partial analysis has been given [3] of the 
perpendicular fundamental v, near 2.9 uw. For the 
other fundamentals, the parallel », near 3 4, and the 
perpendicular y, near 6 4, only approximate values of 
the molecular constants are known, and there are no 
satisfactory analyses of any of the numerous com- 
bination and overtone bands, which have been ob- 
served extending into the visible region [4,5]. Hence 
wither a full set of anharmonic vibrational constants, 
which are needed to establish the equilibrium vibra- 
tional frequencies, nor the rotation-vibration inter- 
ation constants, which are needed to establish the 
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and inversion. 
J to «a minimum of < 


The line widths range from a maximum 
“0.2 em~! atm~'!, when K<,/. 


equilibrium moments of inertia, are at hand. The 
magnitude of the inversion doubling is accurately 
known as a function of J and K for the ground vibra- 
tional state, as a result of measurements in the micro- 
wave region [6], but except for partial results in v, [2], 
for which the splitting is greatly increased, and for 
v; [3] (which appear, however, to have been incor- 
rectly interpreted), similar data are not known for 
the excited vibrational states. The observation of a 
sufficient number of vibration-rotation bands to es- 
tablish the variation of the inversion splitting with 
vibration-rotation would thus be desirable. 

In symmetric top molecules the perpendicular 
bands occupy a special role, and a number of such 
bands must be studied in order to obtain the con- 
stants (’, D*, and ¢ corresponding to rotation about 
the symmetry axis. This is because perpendicular 
bands, i. e., those in which the dipole moment changes 
perpendicular to the symmetry axis, occur when one 
of the vibrational states is doubly degenerate; and in 
such states there is a component of angular mo- 
mentum (,¢, due to vibration that interacts with the 
rotational angular momentum to remove the A-de- 
generacy. Hence the observed spacings of the lines 
vield ('(1—¢,) rather than (,. If ¢, can be ob- 
served for both fundamentals, the theoretical relation 
€3+ ¢,= (B/2C) —1 permits the calculation of C. This 
relation, however, is strictly true only for infinitesimal 
vibrations, and in order to obtain accurate molecular 
constants it is necessary to establish empirically the 
variation of the ¢ with the other vibrational quan- 
tum numbers. For this purpose, as many perpendic- 
ular bands as possible must be analyzed. 

In the overtone and combination bands, both per- 
pendicular and parallel, numerous cases of near-reso- 
nance interaction are possible between the various 
levels of the same total symmetry. This introduces 
additional complications. The cases of resonance 
must be recognized and evaluated in order to derive 
the molecular potential function from the observed 
molecular constants. Inasmuch as it appears that it 
will be difficult to achieve a satisfactory derivation 
of the harmonic and anharmonic potential function 
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of the ammonia molecule from the bands of NH, | 
alone, it is desirable to study the additional bands 
obtained with the deuterium substituted compounds 
ND,, which preserves the molecular symmetry, and 
ND.H and NHDs,, which are asymmetric tops. Only 
by such a program can one hope to obtain definitive 
values of the equilibrium molecular structure and 
potential constants. 

Another respect in which the infrared spectrum of 
the ammonias deserves further study concerns the 
strength, width, shape, and possible pressure-shift of 
the lines. The observed spectrum, for a given condi- 
tion of pressure and path length, depends upon these 
factors, and from a quantitative study of the varia- 
tion of absorption with length and pressure it is pos- 
sible to deduce the strengths, widths, and shapes of 
individual lines [7]. NH, is a particularly interesting 
molecule for such studies, because experiments in the 
microwave region have shown that the collision di- 
ameter varies markedly with the rotational quantum 
number. The results are in good agreement with 
those calculated by Anderson [8], on the basis of his 
general theory of collision broadening as caused by 
dipole-dipole forces. The same theory should apply 
in the infrared bands, and predicts that the widths 
should be nearly independent of the vibrational quan- 
tum numbers, so long as the upper state is a member 
of a narrow inversion doublet, as is the case for the 
microwave lines. When, however, the upper state 
has a wider inversion doubling, as in », and its ¢om- 
binations and overtones, the possibilities of resonant 
dipole interactions are reduced and the widths should 
be less. Because of the strong resonance interactions 
the half-widths are among the greatest that have 
been observed in molecular spectra, ranging up to 
0.75 em™! at l-atm pressure. Hence they may be 
measured directly in the infrared region whenever 
overlapping from other lines does not interfere. 

The microwave collision diameters were obtained 
at low pressures ; other interesting results were found 
in that region [9| at pressures from 10 em to 1 atm. 
The individual lines of the inversion Q-branch are 
no longer resolved, but absorption in their over- 
lapping long-wavelength wing can measured 
throughout the frequency range 0.6 to 0 em~', thus 
providing a test of the line shape. It is found that 
the absorption is considerably increased over that 
given by the Lorentz-Van Vieck-Weisskopf theory 
(10). This has been interpreted [11] in terms of a 
shift of the resonance frequency of the lines toward 
zero frequency, as a result of the intermolecular 
forces. It would thus appear of great interest to 
study the line shape in the infrared, particularly be- 
cause no gross evidence of a corresponding pressure 
shift of the inversion splitting toward zero is ap- 
parent {12}. 

An extensive series of measurements of the am- 
monia rotation-vibration spectrum in the region 
1,700 to 7,100 em™! has been undertaken, with the 
purpose of clarifying as many as possible of the 
points mentioned above. Preliminary reports have 
been given of some aspects of the results [13]. 

In the present paper are described in detail the 
general methods used in analyzing the spectra, par- 
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ticularly those of the perpendicular-type bands | 
which predominate in the combination and overtor 


regions, 
the bands in the region of 2.3 u, where fall the com | 
bination bands (%,»3+),‘ a region in which the idep. 

tification of lines has been nearly complete, Som 

results of intensity and line-width studies in this pe 

gion will also be given. Subsequent papers will deg 

with further problems of line width and shape, ané, 
with analysis of other bands of NH, and its lsotopi 
modifications, 


2. Experimental Details and Method of 
Analysis 


The spectrometer was the  15,000-lines-per-ine} 
grating spectrometer of the National Bureau 9 
Standards. Its construction and = operation hay 
been described elsewhere. Wavelength calibrations 
were by interferometric fringes, between secondary 
standards of the krypton are. Under the mosi 
favorable conditions absorption lines separated by 
0.0S em could be resolved, and the frequency 
measurements are believed reliable to - 0.08 em 
for unblended lines. 

Inasmuch as it was desired to study strength 
width, and shapes of the lines,’ cells of various 
lengths were used; for optimum resolution a path 
length of 1,000 em was required, with pressures vary- 
ing from a few millimeters to 30 em. Two shorter 
cells, of lengths 5.0 and 15.5 em, with the gas at 
pressures from 2 em to 1 atm, were emploved to give 
spectra for which the lines were more nearly in the 
linear region of the curve of growth. 

A large number of tracings of the spectrum were 
obtained between 2.15 and 2.5 uw (4,000 to 4,700 
em~'). NH, lines occur throughout this region. 
The strongest absorption is from 4,200 to 4,500 em", 
and decreases in intensity to both directions, At, 
the long-wavelength limit NH, absorption is still 
fairly strong at 10 m and 30-cm_ pressure, but is} 
obscured by the 2.7-« water-vapor band; near 4,706 
cm 


- - 


' the NH, absorption reaches a minimum, other 
absorption to be described in a subsequent paper 
due to the 2.0-4 group of bands giving increasing 
intensity at shorter wavelengths. 

The general expressions for the line positions and 
line strengths in NH, are’ now presented. For 4 
review of the basic theory on which we rely, se 
Nielsen [14]. In his article the pyramidal XY; mole- 
cule, of which NH, is an example, is described 
The present notation with a few obv- 
will follow that recommended by 
The energy levels may be written 


some detail. 
ous Variations, 


Mulliken [15]. 
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T(r, p,J BK) = Gv) +F viJ,K), () 
where Gis the contribution to the energy from vibra- 
tion, and depends on the six vibrational quantum 
numbers, V,(¢=1,2,3,4) and /,¢=3,4); F is the cor 
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| tribution from rotation, depending on the rotational 


. bands | quantum numbers J and |A\(and when 2/;#0 on 
overtone y the sign of K). and on rotational constants, which 


alysis oi 
the com. 
the iden. 


are functions of the vibrational state; and £;,, is the 
splitting of the levels due to inversion, a function of 
all the quantum numbers. In eq (1) ¢ stands for 


, any the six vibrational quantum numbers, and p for the 
vi re parity of the inversion level, taking the values 
Wil dea and — corresponding to the sign before £;,,... Inas- 


ape, ane 


much as /¢;,, 


is written as a separate term, the vibra- | 


Sotopit | sional energy formula refers to the average energy 
of the pair of inversion-doubled states, and may be | 
' written 
od of 
4 1 } 4 1 
f \ . , \ \ . 
( Dyvit Qa (7 L)( -1) ta sis( -/;) 
P i=l t i=3 J=< 
‘per-ine! — . 
Ireau 0 (v,—/,)+terms cubie in v, +E,,.. (2) 
mn have = ; 
brations The v; are the observ ed positions of the fundamental 
‘ondary bands (y;=1,¥,;—0), which for NH, have the approx- 
he most imate values (em~') »,CA;)=3336.9, »(A,)=950.0, 
‘ated by »(/)=3443.4, »,(/2)— 1626.3. The z’s and q’s are 


equency the anharmonic constants that it is desired to derive 


03 em from measurements of combination and overtone 

Phands (vy, >1 or v,>0). £&,,, is an additional term 
strength, that it may be necessary to introduce when two 
various vibrational levels of like symmetry lie close together; 
a path for NH; the most important case of vibrational 
“eS Varv- Fermi) resonance occurs for all states with v, ~0, 


since 2X vy™ 1. 


» shorter ; , — 
The rotational portion of the energy expression is 


* gas al 
| to give 
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where the rotational constants on the first line apply 
to all vy, and the additional terms on the second line 
are needed for states where 140, and represent the 


generate vibrational mode, through Coriolis forces. 
The terms with coefficients @ and ¢*, representing 
the effect of centrifugal stretching on the Coriolis 
interaction, will be small; if higher-order interaction 
| terms are unimportant 

ions ane 


hig u cl mw (2—PYA 1D’ )¢ (3a) 
‘ce a ser 

Y, mole- and 

ribed 1 ; 

~w obvi- (Kw (2DY*¥ +4D*)¢. (3b) 
ded by 

ritten In any given degenerate vibrational state, the 


symmetry properties of the A-split levels are differ- 

eit, so that the sets of levels with upper and lower 
signs are associated with different transitions, 
K’—k”’ | for one sign and 1 for the other. 
In addition to the standard terms in F given in eq 
(9), additional terms resulting from Coriolis-type 
interactions may occasionally be encountered when 
the energy differences between states of like over-all 
Vibrational and rotational) symmetry are small. 


KK), (1) 
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The energy terms resulting from inversion may 
conveniently be expressed in the form 


Bin, (JK) = EX(v)exp[biJ (J+ 1) + (ei —b) Fk? 


dt FS +1)? +-dP8I (J+ 1)K?4 
dik Ki +43fi(AyAs), (4) 


where £°,,, is the splitting in the rotationless level, 
and the constants 6°, ete., represent the interaction of 
rotation and inversion. The term f,(A;A_) applies 
to the levels where states with over-all symmetry 
A; and A, form a nearly degenerate pair. There 
will then be an additional splitting term, depending 
on the value n of the K for which the degeneracy 
occurs. For A=3, in states of vibrational symmetry 
A (ground level, ete.), Nielsen and Dennison [16] 
have shown that 


fi (A, As) =B;,,(J—2)(J—1)F(J+ 1) 


(J+2)(J+3). (4a) 
For A=2, in one K-component of states of vibra- 
tional symmetry £, 


SS(A, Ag) = B2,9(J— 1) J (J+ 1) (J +2) (4b) 


and for A=1, in the other A-component of states of 
vibrational symmetry E, 


fi (A;Az2) Bi, (J+1). (4c) 


Costain [17] has shown that the form (4) gives a 
much more rapidly convergent fit to the inversion of 
the ground state, for which data have been measured 
with very great accuracy [6], than does the repre- 
sentation in a simple power series in J(J+1) and K?. 
This is found to hold also for the vibrationally 
excited levels. 

The values of the 
ground state are 1} 


inversion constants for the 
0.7934 em~!; bi =—6.36996 


10 ci'— bi =8.88986 < 107%, di? =8.6922 10>, 
d'JK — — 1.7845 X 1076, di®=5.3075 X 1077, Bg,o—1.17 X 
107° em~!. The resulting calculated values of £;,, 


(0,J,A) are presented in table 1. 

Spectral-line positions are given by subtracting 
lower-state energies from upper-state energies, both 
as given by eq (1) to (4). The selection rules govern- 
ing the possible transitions are the well-known rules 
for the symmetric rotator, AJ=+1,0; AK=+1,0, 
with additional restrictions upon the parity of the 
inversion state in eq (1) and the sign of the A-split 
state in eq (3), as imposed by the over-all symmetry. 
The bands analyzed are of the types whose rules are 
summarized in table 2. The notation s and a refers 
to the states whose wave functions are symmetric 
or antisymmetric with respect to the inversion plane; 
and the or signs under Ap refer to the actual 
algebraic sign in eq (1) corresponding to this sym- 
metry. In perpendicular bands, only one of the 
two K-substates combines with the ground state, 
one sign being associated with transitions in the 


RkP., ®()-, and ®R-branches (K’—K’’ 1) and the 
other with the ?P, ”Q, and = ”R-branches 
(K’—K"’=—1). 
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TABLE | Calculated inve 
] A= | ; { 6 
0 0. 743 
1 TS i 7] 
2 7H4 71 vl 
; 7a 4 H2 i ") 
{ nue NM rays 0. SOE 
im ? on TW 76 O. SIS 
t aw 4 Hao Hsu TOO 758 0. S36 
r | Ay “2 rv Hol H41 Hud 7H 0 
x “M "1. > 543 Sa) 627 “yl 
’ 1“ iM te) 474 SIN WO 617 
1 aus Hl 412 458 157 405 44 
l v4s 351 st) 327 Rita 132 473 
12 a) 8 $11 44 344 372 10 
13 2M 25s MW 147 204 317 34y 
4 2it 21s 224 432 249 2tis 204 
15 sl! Is2 IST Os0) 207 224 245 
TABI BK 2. Selection rules for NH 
ry} AJ AP SA Signin Exampk 
eq (3 
} é 0 , upper, 3 1,320 em 
. i 0 vw, lower, 3 4,204 em 
le) < +] ; vyy+r, lower, + 4,417 em 
le) l , upper, 3 4.435 em 
e—-() 1 2; 6,850 em 


The line strengths are given to first approximation 
by the familiar Hénl-London formulas [18], which 
apply rigorously to symmetric-top molecules in 
which there are no interactions between vibrations 
or between vibration and rotations. Such inter- 
actions are of nearly universal occurrence in mole- 
cules, but their magnitude is unpredictable, varies 
from band to band, and is frequently not large, so 
that the rigid line strengths are of essential value as 
guides to the relative intensities to be expected in 
all bands of a given molecule. The line strength 
may be written formally 
es vy’. ” itl a. 
Fiv, J, K) exp | 


J”, K’, K”’)=S,H"\J, K)giJ, BK) 
Bd”, KR’) /kT\/Q 


te))} 


S,, is the strength of each vibration-rotation line, 
where S, is the total strength of all lines in the vibra- 
tional transition: /7°(.J7, AK) are the Hénl-London 
factors; g(J, A) is the statistical weight; F(r, J, A) 
is the correction factor for vibration-rotation inter- 





actions: E’’(J’’, K’’) is the ground-state energy, 
and (, is the rotational state-sum, QY,= >) ge~"/*". 
Jk 
For the ground levels (s, a) of NH, with three 
equivalent nuclei of spin 1/2, 
( 4(2J + 1) for AK=0, J even (a) andJ odd (s) 
0) for K=O, J odd (a) and Jeven (s) 
7) : : . 
; 2(2. 1) for K=1, 2,4, 5 
(4(2J+1) for K=3, 6, 9, 
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rsion splittings, 0¢@—O* (em 
7 s oo) 10 11 12 13 14 15 
SOS 
775 0). SSS 
Hu2 TRU 0. Y¥17 
610 606 SOT 0. W54 
532 HO 703 S30 0. GUS 
459 521 HO5 714 857 1. O48 
390 144 14 60H) 728 1) &SU 1. 106 
329 374 134 5 oll 744 C. 926 1,172 
274 311 360 $24 507 618 767 0. 969 1, 247 
The Hénl-London factors are 
Branch K’—K” J’— J” ma a 
ep 0) | (J? ky’) J (2. ]) (Sa 
a4) 0) 0) kK?) J (J+ 1) (5b 
oF () | |(.J+-1) Ke)/(J+1) 
(2. ] jae 
ga J—1+K)(J+K) 
1.J(2.J+- 1 5d 
ry) 0) J+-1—K)(J+K) 
1.J(.J | aT 
PR J+2—K)(J+1—K 
$(.J-+-1)(2. 1) df 
a ad | | J—1—K)(J—k) 
$.J(2.J | oJ 
eq) 0) J+1+Kh)(J—kK) 
1.J(J | 5k 
a is J+.2+K)(J+1+K 
1(.J+-1)(2.J+1 5 
In (5j), (5k), and (51), when A=0, an additiona 


factor 2 is required. 

Using formulas (5), values of /’’ caleulated frot 
the rotational constants to be derived and presente 
at a later point, and assuming F=1, values ¢ 
S,./S, have been calculated for 77=298° K. Thes 
are presented in table 3, as normalized to the valu 
S 10.000. 

The entries with A’’=0 carry 
indicate which one of the inversion levels is presen 
and that the line is absent in the other band. Tl 
other entries apply to both a-s and s-a bands, exce] 


suflixes s or at 


that in the calculation the energy difference betwee 
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the O* and 0% states was ignored, so that the values 

vven are averages; actually for a-s bands the 

strengths will be about 0.2 percent higher, and for 
+4, 0.2 percent lower than tabulated. 

When lines in an observed band are arranged as in 
table 3, by (J’,A’), the derivation of molecular 
constants is facilitated. Rotational analyses are 
presented in tables of similar format. It will be 
noted that the strengths entered in table 3 range from 
amaximum of 236 down to 0.02, on the seale for 

» which the total strength of lines in an inversion pair 
of bands is 10,000. It has not seemed necessary to 
extend the tables further, since only in exceptionally 
strong bands with excellent resolution will the weak- 

72 et lines be observable. In most bands, however, 
lines down to S,=0.2 should be observed if they can 
be resolved from stronger neighbors. In many of 
, the parallel bands the lines with J’ constant may not 
be fully resolved into their A-components, especially 
for low A. 
c’”) The analysis of parallel bands presents no great 
difficulty. The @-branches (which contain alto- 
1) (5a. other 39.2 percent of the total band strength) can 
-, in general be recognized readily. They are never 
completely resolved; even when (B’— B’’) and (C’ 
(’’) are both large, there is considerable overlapping, 





J+ ’ - re 
and the weakest lines, those where A<./, are difficult 
je to distinguish. The strongest @-branch lines, as 
} table 3 shows, are those with A=, and these can 
~k) pusually be picked out, forming a regular series with 
5d TABLE 3. 
K f Phe tabulated quantity is 104 S,,/S, 
\) 
ad Parallel bands 
I—-K Vk / £Q I PP 
1) (if) ea. 18.7 
1 yr. i 0 19.5 
K) mi 1;.2 $2.5 
2 11 2 123 19.5 
- | y 2. ( 21 47.2 34.3 
] 2 1.6 112.5 
» $ 104. 2 152.9 17.0 
kK } ; 10.9 11.35 9.3 3 
$ 42. 1 is) 45.7 si) 4 
5k ; 23). 2 HOS 
' S11 153 12. 35 
a { 5 5. US 73. 1 18. 26 
l kK H 25.2 1.7 mb. 2 
; { s 124.1 78. 7 i8.7 
| 5 4 3 125.0 Os 
1.7 130.4 S09 
— 5 27.1 + OR Hid. S 11. 44 
vditiona 6 I 12 74 4 -¢ 
is | “2. ¢ us} 22.7 
20. 2 is. 1 $1 $2.4 
ited fro 5 13.0 115.7 95.1 
presente ( 9 9 “7.3 14 
» 2 ‘ q 1.44 is) 6. 46 
values ( ‘ 6.18 6. 06 16.4 17. 64 
. Thes 1.4 20.8 S54 12.19 
‘ 14.61 0.0 i5.8 17.15 
the valu 17 “4.0 3 l 10.6 
‘ 6. 42 1u2. ¢ 36. 2 
‘ or at 7 17. 47 63.8 2.51 
er ; x 7u 0. 048 41.8 3. 30 
; presen 7 s AD ? 69 $1.5 SSI 
7 17. ¢ 13, 22 oli ». U7 
nd. TI . & 4o 13. 28 om 5 8. 27 
ls, excep | 7 S28 24.4 4.4 23.4 
betwee! os = 2 = : 4 
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, calculated by eq (5 


y~v+ (B’—B")J+(C’—C”")J*. (These remarks 
apply to each of the inversion-doubling bands; the 
two bands may overlap, but in many cases are 
widely separated.) The P- and /-branches may 
then be located, the A-substructure of each J-line, 
with the number of components increasing with ./, 
forming when resolved, a characteristic pattern of 
lines with v~p,,..+ak?, and with the intensity of 
every third line enhanced. Arrangement of the lines 
of the three branches into tabular form should reveal 
constant combination differences 


A, F’’ (.J’ ,K’) =°R( J+ 1,K) —°Q(J+ 1,K) =°Q(d,K) - 


°P(J,K) =2(B)— DI R*)J—4ADLF® (6) 
or, When the Q-branch line is too weak to observe 
A,F’’(J’ .K’) =?R(S,K) 


2D8(P" T J+ 1)). 


°P( SJ ,.K) = (47+ 2)(Bo- 


Dy*K?- (6a) 

In the analysis of perpendicular bands when ob- 
served under high-resolution conditions, it has been 
desirable to proceed rather differently from the man- 
ner usually reported in the literature, which applies 
when resolution is insufficient to separate the groups 
of lines constituting the °Q- and *Q-branches. With 
such incomplete resolution, only the mean position of 
all lines with common K, but varying -/, is measured, 
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and form a parabolic series around the band center. 
In NHg, however, (B’- B’’) is in most bands so high 
that for each A, the “Q and *@ lines (each of which 





\ isin a series with v= veo4 (B’—B"’) J(J+i)+ ...) 


extend over several A-intervals, and the region of 


the band center is confusingly complex. A much 
simpler pattern is found in the band wings, contain- 
ing the ’P- and “/?-branches, which are the stongest 
individual lines, and which may be arranged into J 
eries with A=J, K=J—1, A=J—n, . . ., whose 
intensity falls off with increasing 7. 

From eq (5), and the selection rules neglecting the 
centrifugal-stretching terms, it may be shown that 
the frequencies of the “R(J’K’’) and ?P(J’’ .K’’) 


lines are given by 


y+ (B’—C"’)+2n(B’—C"+-Ce) +n?(B’’- 
B’ qv | (’) + Jf2(C"’ COLD’ B’’) 
9n( B’’ B’ qv | c”’)| ] JC" crs. (7) 


Therefore, the mean spacing in the series of strongest 
lines with n=0 is ~2(C)—C,¢). Since approximate 
ralues of (4) ~(6.2 em~') and ¢, are known from pre- 
rious work, the “P and “PR series can usually be 
located, with tentative numberings. The identifiea- 
tions may then be corroborated by finding lines of 
the other branches with the same ground-state com- 
bination differences as found in the parallel bands 


contributed by the calculated line; and ¢, a feature 
principally due to a line other than the one in ques- 
tion. It will be noted that the differences, except 
| for the latter types of blends, and for the levels of 

highest J for which the calculation is relatively un- 


certain, are less than 0.1 em™~', and average about 


0.02 em. 


above the spectra. 


is proportional to 


() Mi 


Representative spectra from 4,230 to 4,530 em™! 
are presented in figures 1 and 2. 
tained at pressures of less than 1 em in the 10-m 
cell. Some of the more prominent lines are indicated 


These were ob- 


Below the spectra are plotted 
lines whose position is that of y.4;¢, and whose height 


| W=[(v/v0)k(S2,/S2)y|'4, 


(8) 


in which S?,/S? is the rigid rotational line strength 
(table 3), and & is an empirical factor. to represent 
the relative strength of the perpendicular and para- 
The v/% 


lel transitions, here 
factor gives the small frequency dependence of line 
strength, » being taken as the mean band origins, 
4,307 em for »,+ 2 and 4,426 em for ».+ 73. y° is the 


taken 


as 


100:15. 


collision half-width, whose evaluation and depend- 
For nonover- 
lapping lines, eq (8) is a good representation of 
the equivalent width (integrated fractional absorp- 
tion) [7], and hence the heights of the vertical lines 


ence upon (J,A) is discussed later. 


and with intensities roughly paralleling the theoreti- | 


eal line strengths. For the combination differences 
in perpendicular bands, eq (6) applies, except that 
in the branches involved are “R—*Q, ?R—?Q, ete. 


3. Results 


3.1. Molecular Constants 


The NH, spectrum between 4,060 and 4,720 em™! 
contains over SOO resolved features, many of which 
are blends of lines whose separation is less 0.10 em™', 
the highest resolution obtained. Practically all the 
lines at frequencies above 4,250 em™', and a large 
proportion of the strong lines from 4,060 to 4,250 
em™~', have been analyzed into the inversion-doubled 
perpendicular bands »,+-», and the weaker inver- 
sion-doubled parallel bands »,+%. The analysis has 
vielded complete energy levels of »,+-». up to J=10; 
and of y+», up to J=12, in addition to some of the 
levels of higher J in both bands. The levels have 
been fitted to rotational-energy expressions of the 


forms of eq (3) and (4). The specific methods of de- 
riving the constants and their values will be pre- 
sented shortly. The line positions as calculated 


from the equations and constants are presented in 
tables 4 and 5, for the parallel and perpendicular 
bands, respectively. Following the calculated fre- 
quency (in em~') is tabulated the difference (in 
lO em~') between the observed frequency and that 
calculated. Suffixes are added to the difference 
when the observed feature is a blend, the suffix a 
designating a line principally due to the calculated 
line; b, a line of which about one-half the intensity is 


TABLE 4. Calculated and 


The first entry is veale(em 


: the 


observed frequencies in v,+-v, NH, 


second entry is vobs—veale (10-° 
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| 
I a 4173.16 O3* 


See footnotes at end of table. 
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9 a $7.55 12 33.45 05> 4610.29 10 | 4207.28 21 4402.93 10 79.57 09 | 
v s $234.34 04 $430.49 02 1007. 58 12 $188.51 03 1384.31 03 $561.08 O04 
Yu a 6.19 12 42.97 O58 19. 20 OS 12100). 24 O07 95. 97 O00 72.70 06 
Ys s 42.32 13 38.73 05 16.06 05 4181.06 08 77.00 05 53.00 08 
Ws a M83 07 51.17 04 28. 43 06 93. 39 OS &Y 2S OB 6.12 O] ' 
Ys s Ww. 40 06 7.13 OF 24.75 OS 73. 57 29 69.71 OF 46.80 04 
uv a 63.82 02 60.485 03 38.02 04 86H. 76 O S284 05 50.86 02 
4 « SS AT O10 55.68 OF 33.64 09 65.99 O1 62.40 03 39.73 00 
y a 73. 18 09 70. 22 05 8. 10 Gt SO. 30 06 76. 65 O1 53.41 O04 
g . 66.78 OS 64.34 04 42.70 00 5K. 28 OO] 55. 02 O08 $2.63 03 
u a S204 02 sO. 41 04 58.67 O1 74.06 12 70.72 O02 18.26 03 
Os x 75.03 068 73.09 04 W). 34 05 47.45 O1 25.42 03 j 
YW a 43. 1S OS 41.13 06 67.48 03 65.02 00 172 40 OO 
Oy x 83. 26 O00 12. 11 34.67 O7 18.03 05 
Yo a $303.95 OF 62.16 50.62 O1 47. 80 08 
10) s 4180.10 13 $403.62 30 $509. 33 09 
10 a US. 405 14 13.43 05 1109. 0S O2 
10 8 96.71 10 11.34 10 07.13 05 4181.22 O1 4591.38 16 
10 a 1206. 4 OD 21.21 09 16.95 O09 406. 32 11 
10 . 03.95 10 IS. 7S 06 14.70 02 74.14 04 1388.66 14 84.37 05 
10 a 15. 08 00 20.77 14 25.67 04 83.26 17 YS. 73 03 04.38 04 
10) g 12,24 06 27. 26 05 23.40 02 iH. 74 12 S1. 36 05 77.15 I] 
10 a 22.86 04 7.81 12 335. 89 05 44.29 le 91.86 11 S7.00 11 
104 s 20.19 O02 $5.49 00 31.90 06 5M. 35 14 74.14 OS 70.08 12 
104 l $1.40 02 5.63 01 42.07 O02 70.41 07 85.13 33 S102 05 





See footnotes at end of table. 
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TABLE 

Tn p’ 
10 s 
10 a 
10 x 
10 a 
10 8 
10 a 
10s ® 
10s a 
109 s 
106 a 
10 8 
10 a 
11 8 
11 a 
1] s 
11 a 
11 8 
ll a 
11 s 
ll a 
ll, s 
1! a 
11 s 
1] a 
11 s 
1! a 
1! 8 
11 a 
lls . 
Ils a 
1] 8 
1] a 
1! s 
ll a 
11 8 
11 a 
12 8 
12 a 
12 8 
12 a 
122 & 
12 a 
12 s 
12 a 
12 8 
12 a 
12 s 
12 a 
12 s 
12 a 
12 8 
12 a 
12s 8 
12 a 
12 s 
12 a 
12 8 
12 a 
12 £ 
12 a 
12 8 
12 a 


See footnotes at end of table. 


Calculated and observed frequencies in v2.4 


The first entry is veate (em 


a 


8 


40), 25 


Pp 


Or 
“<0 


9 
) 


14 


os 


36. 39 O09 


4 


44 
5Y 


a0 
Wy 
o7 
4207 
05 
16. 


4158 


4183 


Q? 
9] 
4201 
4190 
4211 
is 


16 
30 


0) 
63 


4s 


ti2 
10 


03 


76 


5S 
3Y 


4y2 


BY 2 


43 


95 


sy 


4 
71 


07 
14 


4 


65 
57 
Gs 
83 
tH 
O05 
O7 

1 
4H 


a9 
85 


54 
SS 


68 2 


ao 


oS 
36 


85 


43 


o4 


O07 


12 
oo 


5 06! 


05! 


Ob 


5 00 


ou 


15 
26 
3l 
03 
47° 
Oo! 
O05 
03 
OS 
07 
32 
60 
34 
20 


03 


1 


FS 


OY 


50 
36« 


67 


PQ PR 
43.90 03° 40.64 OS 
55.83 O1 52.49 03 
52.47 11° 419.58 05 
65.48 18 62. 51 Ol 
61.18 OS 58.73 05 
75. 57 00 73.03 O1 
69.98 O1 68.05 O1 
86.14 O07 84.09 07 

4478.84 20 
97.25 25° 

4400.16 Of 4614.68 04> 
OS. 84 10° 23. 32 U6 
OF. 82 0% 22.44 OS' 
16. 57 23 31.14 14 
16.27 12¢ 31.09 07 
24.02 OF¢ 38.70 OOF 
23.68 27 38.69 O1t 
33.03 17° 47.98 03! 
31.93 06 47.23 02 
41. 80 ¢ 7.03 10 
40.31 206 55. 96 00 
50. 90 31° 66, 48. 31 
48.89 11° (4.97 O1 
60.43 02 76.42 11 
57. 64. 01 74. 20 02 
70.39 19 86.87 18 
66. 51 25! 83.62 14 
SO. 82 35! 97.83 39 
75.45 58 93. 18 49! 
91.77 41° 4709. 37 35 
S4. 42 ‘ 

4503. 30 19 

$306. 37 4629. 50 O1 

$403. 07 37.06 044 
03. 98 37.22 10 
11.65 Ol 44.83 29 
10. 91 44.25 29 
20.50 18 53.93 26 

4419. 76 4653.43 17 
27.95 61.55 544 
27.97 61.95 144 
36. 62 70. 52 38 
36. 38 70.74 16 
45.65 79.94 38 
45. 02 79. 84 16 
55. 02 8Y. 76 34 
53.74 89.09 33 
(4. 91 4700.17 57 
62. 66 C 4698.61 31 
75.20 113 4711.05 110 
71. 69 ¢ O8. 31 61 
85. 08 S87 
SO. 78 
97. 31 
SY. S82 43 

4509.25 17 
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36. 94 
DO. YT 


29. 02 


44.583 


4120. 92 


4168. 00 27 





$137.05 37 


v3, NH; 


!); the second entry iS vobs—veale (10-? em='!), 


RQ 


4397 


81 
SY 


4374. 52 


RD 


67 
76, 
60 
oY 
53. 
63 
46 


3Y 
5l 
32 
46 
24 
4) 
16 
35 
Os 
30. 


97 OF" 
70 06 


75 lle 
51 Ole 


2.49 O1¢ 


55 02 


10 O1 
8&2 03 


48 O08 
35 00« 


5D 05 
10 02 


02 13° 
32 14° 
24 26° 


10 29¢ 
35 06 


O68 » 
70 e 


88 15 
”y e 


11 05° 
68 35 


14 26 


38. 05> 


5.06 15 


86 O4e 
31 13 
57. 10k 
19 O05 
57 16 


OL 37 


67 ‘ 
48 


49 OS 
02 17 


P25) c 


52 


4 00° 


60 
40 ¢ 


58 111» 
7.48 07 


SO O4 
71 16 
28 3S 
14 05 
78 LOS 
77 03 
G3 ‘ 
66 10 


58 
85 O1 


Continued 


RR 


63 
74 
MH. 
68 


4615 
4509 
4608 
4592 
4601 
4585 
95. 
78 
8Y. 


4607. 
15 
00. 
oY 


4594. 
4603. 


4587 
97 


SO. 


91.7 


74% 


SO. 


23 05 


21 03» 


21 02 
86 03 


04 03» 
82 02 


56 03> 
05 07 


84. 14> 


72 05 


72 19 
92 06 


74:19 
89 33 
24 09 


10 33 
34 09> 


5. 33 39 
7.73 02» 


52 34> 
38 03 


SO OS? 


. 57 20 


77 3ie¢ 
82 00 


18 30¢ 
24 10 


5S 36> 
31 05 











TABLE 5 Calculated and observed frequencies inp vw, NH Continued 





) 
' 
13 g W445. 80 22 HH42. 53 2 4 1 WOO. 26 11 
13 WW. 30 35 4 $5. 88 0 
14 29. 87 Jt 
is s 1. 48 3S 24. 24 14 1 24.12 2 
13 S. 03 35. 92 03 14 ! 18. 63 2 
14. 1 13. 36 OF 
13 « “600 3 22.31 21 14 OS. 33 It 
14 t 4 44 2Y. 26 09 
14 1591. 80 
l i 15. H) 32 4 WWS. 53 1 ) 
] { +t 22 85 OS ‘ 
14 4585, 2) 22 
13 6.16 3S OS S417 14 401 O06 
$ S3. 58 1S 16.76 14 
, 14 ‘ 7a, 44! to 
1s 8 S4.05 St 02.41 22 142 
13 v2. 8U 7S 10.04 25 14 “4.78 OS 
13 % O44 61 $506.04 17 i ist 
13 ' 1702. 69 110 1605. 39 22 i . ad 202 
14 wOS4 0 
13 * 03.41 OS 1580.61 24 
! 12. 97 woo. 19 14 s 63. 16 OS ‘ 
4 S7. 34 1 
l ; $583.24 O01 
13s ! 95.07 149 l ! $4003. 67 1S 
i l 1509. 40. 01 
13 7H. 53 14 
1 “28 UO, 7] 34! 4 
13 sy. ox! -! l uw. 70 1S 
13 S5.77 00 ” 179 ? F 
6] 
. 1320 le ! Os, GO DO 
5 2 1) 45 
13 81.50 23 
70 
13 4.70 170 
$ 7800090 
14 
13 
; 
* Blend, principally due to calculated line 
Blend, approximately one-half due to caleu | 


Blend, principally due to other line 


should be approximately proportional to the area | erable, high-J components lying at lower frequencial 
of the observed absorptions. In figures 1 and 2 | in both inversion-doublets. The inversion doubling} 
this is seen to be the case, with very few exceptions, | ranges from 21.4 em@! at “Q (11,11) to 8.7 em 

and it will be further noted that practically all of | for-”’Q (11,0).° In the bottom panel of figure 3 


the observed absorption has been accounted for. the “2 series dominate the absorption. 

The central panel of figure 1 covers the region of A further extension to higher frequencies is show! 
the %Q-branches, in which the inversion-doublet | in figure 3. As one proceeds to higher frequencies 
separations range from 18 cm™', for levels with | the intensities drop rapidly in the “/?-branches 
J>K, to >30 cm™ for J>12 in the series with | and somewhat less rapidly in the ”’/-branches 
J=K, which includes the most intense lines. | so that the latter are the strongest beyond 4,60 
Throughout this region, and in the other panels of | em~'. Even though one is dealing here with very 


figure 1, there fall the lines of the ’P- and “P- | weak lines from levels of high J, it will be noted 
branches. Since the perpendicular bands are more | that a quite complete identi..cation has been 


intense by a factor of about seven, the individual | achieved. Above 4,680 cem~', lines of higher-fre- 
lines in them are the strongest single lines in the | quency bands begin to appear. 
region, although not as prominent a feature as the The constants of the NH. molecule needed to iit 


parallel (-branches. In the top panel, the perpen- eq (3) and (4) to the line-position data were derived 
dicular lines are becoming weaker; the @P-branch in the following manner. For the ground state, 
“lines” are obvious, and show resolution of the | combination differences A,F and A,F were obtained 
K-structure, the low-K components lying at lower | from all pairs of lines listed in tables 4 and 5 that 
frequencies in the a-s and at higher frequencies in | did not involve heavy blends. The combinatio! 
the s-a members of the inversion doublet. . 

In figure 2 the region covered is that near the origin 
of the perpendicular bands. @/?-lines are present 
but are relatively weak, The J-divergence of the For a few observed levels with A’ =2 the doubl even lower, because \ 
*Q-and °Q-branches with the same AK is consid- | {%, (4142 Internetion. Both components of ®# (12,3) appear a | 
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differences were larger by a few hundredths of 3 
wave number in the s inversion substates than u 
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Figure 4. Derivation of rotational constants for NH 
ground state. 
Open circles, S:F/(4J +2); open squares, 4, F/2J. The intercey He n 


itt A=0 are plotted as solid ¢ ircles against J(J/+1 


the a substate, as required by eq (4 Inasmuch as 
infrared measurements cannot be as precise as those 
in the microwave regions, no attempt was made to 
determine the ground-state inversion constants, 
those cited above [17] being accepted. The s and a 
combination differences were averaged and divided 
by 2J (for A,F) and (4J+-2) for AF. The results 
are plotted as a function of A? as the open points in 
figure 4; these very nearly form a family of straight 
lines of equal slope, yielding D* 0.001455 
em™'., The intercepts at A=0 are also plotted in 
figure 4 as solid points as a function of J(J+ 1); 
from the slope and intercept of this line is obtained 
Di=0.000809 em and By=9.94428 em™'. The 
combination differences AF are given in table 6 as 
calculated from these constants, and are compared 
with the observed averages. The agreement 
satisfactory. A somewhat better fit might perhaps 
have been obtained by including sixth-power terms 
in J and A; that is, by fitting the points in figure 4 
to slightly curved parabolas instead of straight lines 
It believed, however, that the precision with 
which the data are known does not warrant such a 
procedure at this time; after other bands have been 
measured with comparable precision, their ground- 
combination differences may included in 
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the averages and improved constants should result 

In order to obtain the constants for the upper 
states the position of each observed level is hrst 
determined relative to the same level in the ground 
state. For a (Q-branch line this is the line position: 
for P- or R-branch lines, the appropriate ground- 
state combination differences must be added or sub- 
tracted from the observed position. For the paralle| 
bands, there are two observed levels for each (J.K).- 
for the perpendicular bands, four. Straight-line 
plots of the averages of these, against J(J+1) and 
K*, vield », B,—Bo, and [(C,—C)—(B,—B)). 
There appear to be slight but regular deviations 
from linearity, in the plots against J(J+1), so 
that it is experimentally justifable to include the 
term in DJ—Di; however, DJ*—Di*, and Dk—Dk 
appear to be negligible in both bands. The con- 
stants are listed in table 7. 

The inversion splitting in »,+» is the difference 
between the observed Q-branch doublings as obtained 
above and the ground-state splitting. When plotted 
against Ji J+1) and AK, considerable curvature js 
noted. This may be largely eliminated by plotting 
the logarithm of the splitting; that is, by iitting the 
rotational dependence to eq (4) instead of to a simple 
power series. The same behavior is noted in V3 Vo, 
for which the inversion splitting is the sum of the 
ground-state splitting and the observed (-doublings. 
Here it is noted that the inversion splitting is slightly 
different in the A™ pairs (“Q-branches) than in the 
A pairs (“(J-branches). The differences are nearly 
proportional to A, and hence may be interpreted in 
terms of a different ¢ for the two inversion levels. 
The average (A*+ A ~)/2 splitting is used to derive 
the constants in eq (4). These constants are also 
given in table 7, as are the constants for each sub- 
band of the inversion doublet obtained by con- 
verting to the power-series expansion. 

The constants (), (,, ¢ and the associated cen- 
trifugal-stretching constants are obtained for »,+» 
from the differences ("Q—“Q) as averaged with the 
corresponding ?- and R-lines, and averaged for the 
two inversion states. From eq (3) 


tA 
Les) (J+ 1 


Me J’ KK’) 


2% 


R()(J’K’) 
Ds* 


| ae pee iF 


2DS—3RA)K. (9 


The data fit rather well the equation (°()—“()) 44 
3.9485 — 0.001206 J (J+ 1)+-0.001462A°. Using the 
already derived values of /y and DZ*, the constants 
listed in table 7 are obtained. Although there is an 
experimental value for (,—C,. the constants (, and 
c¢, and D* and ¢* cannot be obtained from this band 
alone. Only from corresponding measurements in 
a number of perpendicular bands will it be possible 
to separate accurately the contributions of the upper 
and lower states. This will be discussed in a later 
paper. Tentative values are (,=6.196 em™', D* 
7.5 107' em~'; whence follow the values of ¢ given 
in table 7. A linear fit to the difference in ?(/—*Q 
for the a and s components vielded the difference 
in ¢ tabulated 
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o—U 1. O36 O14 
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it 74 
1 %. 325 22 WY 338 024 
St} 33 33 
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The upper-state levels with A=1* and 2~ (A; Ay 
doublets) deviated from the positions calculated 
with the over-all constants in approximately the way 


required by eq (4b) and (4c¢). The resulting con- 
stants were By.o.;971.95X107°7 em~'!; Bo,on9= 1.88 
l0-* em 

The constants summarized in table 7 give, as 


tables 4 and 5 show, an excellent representation of 
the up J=—10. There 
increasing deviations of the observed from calculated 
at higher J. These arise partly from the 


observed spectra to are 


lines 


Ground-state combination differences 


(em—!) 


, gives the calculated values for the combination difference for the average of the two ground states, s and a, +(s—a)/2 


bands, the value for the s state being to the left, for the a state to the right, both with the figures 
When there is no entry on the second line, the corresponding lines have not been observed sufficiently free from blends to yield 
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difficulties of measuring the weak lines of high J’, 
partly from the failure to include additional terms 
of higher order in the energy expressions, and pre- 
sumably, to some extent from additional perturba- 
tions on the upper-state energy not included in the 
standard expressions. It will be noted that when 
the (obs-cale) deviations in the tables are greater 
than 0.1 em™', the deviations for the three lines with 
a common upper state agree, behavior which 
typical of an upper-state perturbation. <A partial 
quantitative explanation can be given for two of these 
perturbations, which will now be discussed briefly. 
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TABLE 7. 





Molecular constants for NH, bands 





and vy +- vs) 


Vi + Pe 
Band i Band: v3+r2 Ground- 
Constants Unit state 
value 
Average a s—a Average 
em $203. 716 $520. 060 1506, SSS $416. 90S 4454. 610 $425. 759 
B.-B 10-2em 6.22 19. 38 12. 80 15. O87 24. 421 19. 754 994. 43 
C-R C-RB 10-2em 9.83 8.2 0. 80 1414 17. 839 11. 126 76.9 
( ( 10-2em lt 11.1 13. 60 10. ¢ 6. 582 8. 628 O17 
bi — pi 1l0-‘em 1. 25 205 0.4 0.70 1.00 0. 60 g 19 
DAX— Dis 10-“em 4 15 0 v1 4 Is 14.5 
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rf li‘em 1. ON 
DK—igK 10-'em 7.31 
E; em 25. 551 18. 405 0. 7934 
} Ww 1. 05 2 6. 3700 
ch 10 6.79 7.04 &. ASOG 
( 10 1. 84 2. 32 » 51909 
a 10 0 os 0, S692 . 
The three levels 7,, J, K: v3, J, (K+1)*: and 
vz, J, (K—1)~ are of identical over-all symmetry, and 
interact due to Coriolis forces. The matrix of the 
Interaction 1s 
ak K K+ 
al , - , a - * 
K—-1 »+£&,(J,K-—1)—E 5 (J+A) (J—K-+1)]!? 0) 
\ - 
. a , ? ’ 7 . a - " 
K =((J+K)(J—K+1)]"? +E (J,.K)—-E 5 (J —A) (J+ K+ 1)]'? 
\<- Vs (10 
K+1 0 5 (J—A)(J+K+1)]!? yt+kh(J.K+1)—E, 
2 | 
where a= }f138,(w; + )/(wjw;)"?, and ¢, is the inter- | i. e., it approaches zero for the state A-+-1, corre 


action constant. When, as is the case for most values | 
of K, the energy difference between the interacting 
levels is large compared with the off-diagonal matrix | 
elements, the latter terms make the normal second- 
order contributions to the energy that appears as 
part of the constants a,” and a;®. When, however, 
the energy difference becomes of the same order of 
magnitude as a{(J—K)(J+AK+1)]'? a perturbation 
occurs, attaining its maximum effect when the two 
states coincide. The energy differences, neglecting 
the perturbations and centrifugal-stretching terms. 
are 





| ere Eix=v3—1 + (2K4 IC, 4 o)] 


C, By, (11) | 
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sponding to approach of the lines in the @Q- and 
“(-branches at high AK. In the half-band of 
y+, the constants are such that AE ~O at K~13: 
in the s-a half-band, Avo is greater, so that the cross 
over is at slightly higher A. As is apparent from 
table 5, the series of strong “? lines with K=J ean 
be followed in to K’=15, whereas in a-s the 
sequence becomes irregular. No line of the expected 
intensity can be found near the calculated positions} 
for “2(13,13), but two lines of nearly equal strength 
otherwise unaccounted for occur at frequencies 2.70 
em” below and 1.70 em™! above the calculated value 
of 4554.70 em™'. It is tempting to assign these te 
the perturbed level. If the resonance is exact, the 
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derived value of a=4.40/26=0.17, corresponding t@ ( 
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This is of the theoretically expected 
a is so small that the levels 


vith A*< 12, for which AF >16 em™'!, would not be 


* hifted greatly from their unperturbed positions, so 


that the normal method of deriving molecular con- 
gants is justifiable, the bulk of the effect of the per- 
urbation being taken up in )J—Dz. The perturba- 
ton would, however, account for the deviations 
obs-calc) of from 0.1 to 1 em! found in the (a-s) 
hand for JS 11, which can be fitted only by powers of 

J+K) higher than the fourth. 
The second perturbation would arise from the 
rsonances caused by the near equality of 2», and 
In the present instance the levels 2»{+-» lie 





shout 100 em~! below »;+ 2 for each Jx, and are of | 


ike symmetry. Each level of »,+» will thus be 
pushed upward; the shifts would be equal if the 
otational constants and inversion doubling were the 
ame in 2r$+r. and »,+». However, because the 
observation of other bands involving », indicates that 
the inversion doubling will be considerably greater 
n 2v,-+-v. than in »,+r, and that By>P,, the result- 
ng perturbations on the »;+ v, levels, particularly 
those of high J in the upper (@) inversion state, may 
become too large to fit by the normal power series. 
Table 4 shows that the deviations are indeed greatest 
ior those levels. The 2r3+-r») levels, as well as those 
of 2v°+-», will also interact Coriolis-wise with those 
of vs +r, however, these effects are presumably of less 
mportance than those discussed in the previous 
paragraph because the energy differences are greater. 

Although, as just mentioned, the states of 2»,+-» 
lie close enough to »,+» to affect the latter, and 
their position can be estimated with some probability, 
it has not as yet been possible to identify any of the 
lines in those bands. There are a number of quite 
strong lines below 4,200 em! that must belong to 
the bands, and these are particularly numerous near 
4,180 and 4,130 em~', where the @Q-branches should 
lie, but no convincing assignment of the strong lines 
to the expected series has been achieved. Presum- 
ably the many possible interactions disturb the in- 
tensities, as well as the positions of the expected 
transitions. In the corresponding bands of NDs, 
however, a satisfactory analysis has been achieved, 
with normal intensities, so that the difficulties en- 
countered in NH, remain puzzling. 


3.2. Line and Band Strength and Line Width 


The problems of relating the observed fractional 
transmission of a resolved spectrum to the true 
strength and shape of its component lines have been 
discussed in detail elsewhere [7]. There are two 
principal types of difficulties, aside from the experi- 
mental problems of accurate measurement of ab- 
sorbing conditions and transmission. The first arise 
when the spectrometer slit width is appreciably 
greater than the line width; these can be overcome 
if it is possible to obtain measurements at a variety 
of pressures and path lengths on single lines, free 
from overlapping by neighboring lines in the spec- 
trum. The second type of difficulties arise from 
overlapping, and are imposed by the nature of the 


spectrum. In NH; vibration-rotation bands in gen- 
eral, the self-broadened line widths are quite high, 
from 0.15 to 0.6 em™'/atm. This is a consequence 
of the high dipole moment (1.46 Debyes) and the low 
inversion frequency of the ground state. As a result, 
with the effective resolution of ~0.10 em=! available 
in the region 1,600 to 7,500 em™', slit corrections 
should become of minor significance at pressures of 
4%atmand above. Unfortunately, however, in nearly 
all NH, bands the lines are closely spaced, so that 
overlapping becomes a major problem. 

In the bands reported in the present paper, there 
are only a few regions where overlapping at P> atm 
is not serious, so that the absolute widths of only 
those few lines may be determined with fair accuracy. 
However, from low-pressure measurements the rela- 
tive strength-width products of most of the lines can 
be determined, and from high-pressure measure- 
ments the strengths may be found. These results 
are given in this section. Much more satisfactory 
measurements of the strength, width, and shape of 
NH, vibration-rotation lines have been achieved in 
the parallel bands 3», where (Bj)p—B,—Cy+C,) is 
sufficiently large so that overlap is at a minimum. 
These will be presented in a subsequent paper. 

The band strengths, S, of the perpendicular and 
parallel bands were determined by two methods. 
First, by measurement of the integrated absorption 
in those portions of the bands where such measure- 
ments are meaningful, making corrections for overlap 
of the bands. Second, by measurement of the equiv- 
alent width and hence the strengths of individual 
lines that fell in the near-linear region of the curve 
of growth, assuming that the band strength is related 
to the line strength by eq (5). 

The first method requires measurements at pres- 
sures greater than 30 em, so that the slit corrections 
may be neglected, and path lengths such that the 
absorption is in the range 10 to 90 percent, where the 
measurements are least subject to experimental error 
resulting from uncertainties in locating the base 
lines. These conditions are met in the 5-cm cell for 
the central region of the bands, from 4,280 to 4,560 
cm”', covering the (@- and R-branches of the weaker 
bands »:-+%, and the main portion of the stronger 
band v3+. The 15.5-em cell provides checks on 
the regions of weaker absorption in that interval, and 
in addition provides data on the regions 4,160 to 
4,280 em™', where lines of the P-branch of »;+ 72 are 
relatively free from overlap by other bands, and 
4,560 to 4,600 em~'. The results obtained are for 
y+, S8=2.94+0.5 em? atm, and for v3+ 7», 
S?=19.7+2 cm’ atm~'. The above figures refer to 
an average temperature of 296°K (although the in- 
tegrated band strength appears, as expected, not to 
be significantly temperature-dependent), and the 
pressure refers to the actual temperature, not 273°K. 

The best possibilities for measuring strengths of in- 
dividual lines in ».+-y; are in the extreme wings (J>9, 
PR- and “P-branches), and for those few lines at low 
J in ®R and ’P where the nearest neighbors are more 
than 1 em@! distant. The 1,000-cm path provided 
numerous examples of the first type, the 15.5-em path 
several of the second. For these the mean specific 
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equivalent widths, W/P, are collected and averaged 
in table 8. The corrections to the observed WP for 
the effect of line width were made according to the 
formula [7] 


S?.1=(W/P)1+ W/2ry"P), 11) 


which is valid when W/2ry’P?<0.5. The correction 
involves the linewidth 7°, for which the smoothed 
values to be described later were used, but the aver- 
age results are not significantly dependent on the 
choice of y°. It will be noted that the observed 
equivalent widths for the two components of the in- 
version doublet are in rough agreement, so that their 
average value was used in the subsequent computa- 
tions. For each line, using the rigid-rotator value of 
S.r/S, (table 3), a value of S® (rig) was calculated. If 
the measurements were precise, and the assumption 
F—=1 valid, these should all be equal to 19.7 em 

atm! as obtained from the integrated-band measure- 
ments. Considerable variation will be noted, al- 
though the agreement is always within a factor of 
two. The presence of unsuspected blends may occa- 
sionally give rise to abnormally high values of S?; 
these were excluded from the averages. The group 
averages show regularities, in that the “F lines are 
significantly weaker, and the “P lines significantly 
stronger, than the average, while “R and ’P show 
similar but less-marked deviations. It thus appears 
likely that the observations reveal effects of the 
vibration-rotation interaction on the intensities. 
The approximate form of the interaction factor F 
for a perpendicular band of a symmetric-top is [19] 


< 


F=(1+am-+bk)? 

where m is the ordinal line number in a A sub-branch 
(J’ in ®R and ’R, —J” in *P and ’P), and k the 
ordinal number of the sub-branch (A’ in “P, ®Q, 
and “R; —K” in’P,*’Y, and’R). aand bd are con- 
stants that in principle might be evaluated from the 
absolute intensities of all of the vibration-rotation 
bands and the potential function. Because such full 
information is lacking, it is sufficient to note that a 
considerable reduction in the seatter of the results 
for the ».+»; band is achieved by using as tentative 
empirical values, a= —0.015, b=0.01. The last two 
columns of table 8 give the resulting values of 
F(0110,JK) and S® (corr)=S® (rig)/F. The final 
value of S? by this method is 24.0 +3 em™? atm™!,. 
This result is 20 percent higher than obtained by 
direct integration. The first method is probably 
slightly the more reliable, its greater uncertainty in 
locating the zero-absorption level being overcome 
by the fewer theoretical assumptions involved. 

It is interesting to note that the measurements 
show the +r, combination band to be more intense 
than the », fundamental, for which MeKean and 
Schatz [20] report a value of 13 em~? atm™! from 
measurements of the combined absorption in », and vs. 
From the high-resolution measurements of those 
fundamentals, to be reported in a subsequent paper, 
it appears that the relative contribution of », to the 


y+v, sum has been underestimated, but in any 





| event the combination band is the more intense 
This must reflect the highly anharmonic nature ¢ 
the ». vibration, as well as a considerable breakdow) 
of the separation of modes in the combination band 

Having thus established fairly accurate values of 
the strength of each individual line, there are noy 
three possible methods for obtaining line widths 
assuming the Lorentz shape. The first applies a) 
high pressures, (i. e., above 1/3 atm) when the ling 
width 2y is greater than the slit width d. It is based 
on the measurement of the extinction at a line peak 
where for a single line, 


In (Lmin/ Lo) 


Emax (1/xl)(S°/y' 13 
The measurement is subject to slit corrections which 
are functions of y/d and of émax, Which may conveni- 
ently be evaluated from the graphs of Kostkowsk; 
and Bass [21]. émax should be independent of pres- 
sure, except insofar as y=y'?P enters into the sli 
correction. However, as mentioned previously, at 
pressures sufficiently high for the slit corrections to 
be small, the overlap by neighboring lines is appreci- 
able. However, their contribution may be estimated. 
so that from the observed ¢ and the calculated $y! is 
obtained. Reasonably concordant results were ob- 
tained for a few isolated lines in the 5- and 15-em cells 

The second method is applicable to the same lines. 
where slit-correction effects and overlap effects ari 
both small, and consists of the direct measurement 
of the line breadth 6, at various values of the extine- 
For a Lorentz line, 


YP 


tion e. 


1-2, 4 
A single measurement of 6 at €=ény,x/2 might suffice 
to give 27 directly if observing conditions are very 
stable. In practice, it is preferable to measure 6 at 
several values of €, apply the slit and overlap-corree- 
tions, and average the results. 

The third method is more generally applicable in 
these NH, bands, being the measurement of equiv- 
alent width under the conditions of long path and 


(b, 2) l@nax €) 


low pressure, for which overlapping is minimal. 
The appropriate relation valid for «>1, is 
y ) Wad\ 1/9 I = 
W/P=2(8°Y)'2(1——), 15) 
Su 
where « is S°/2ry’. With 7/=1,000 em, « for the 


strongest line is of the order of 100, so that most 
of the observed lines should obey the ‘square-root 
law’? quite closely. Thus y’=4(W/P)?/S°. The 
principal corrections required here, for the suitable 
spectra obtained over the pressure range 0.5 to 3 
em, arise from the Doppler effect. The parameter 
governing those corrections is a= (In*)!? y,/yp, Yn 
and yp being, respectively, the Lorentz and Doppler 
widths. For NH, at 298° K and 4,500 em“, 
y¥p— 0.00674 em, so that if y°~0.5 em” atm", 
a<1 for P<O.82 em Hg. For r>5 the corrections 
are still very small at the lowest pressures studied, 
the difficulty of measuring pressures below 1 em 
with sufficient accuracy being a greater source of 
uncertainty 
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TABLE 8. Band strength v2 v3 Jrem near-linear lines 
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|} Table 9 summarizes some of the numerous Meas- (S°)-! uneertainties in S" should not affect the 


| wements made on four of the best lines by the three | average values. 

ons! methods just outlined. They are in fairly good It will be noted that there is a considerable 

ed, | agreement, indicating that the estimates of S", and | variation in the magnitude of 7° for the four lines 

em ' the various assumptions and measurements are ‘neluded in table 9. It is largest for the two lines 

of reasonably well founded. Since in the three methods | with A=, and decreases with K/J. The same 
;’ is proportional respectively to (S°)", (8°). and | behavior was noted for the many other lines of the 
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TABLE 9. Line-width measurements for selected lines 
Line R R(3,3)* RR(3.0)* RR(5,2)* RR(66)4 
Conditions vo (cm 4466 3 4489. 1 4510.1 4516.8 
S* cale (em~? atm 0. 301 0.177 0. 0479 0. 210 
(si »x (obs 2.47 2.95 0.79 >a 
an > , [Slit corr +). 10 0.41 oy 0.10 
Method 1: /=15.5 em, / 0.3 Overlap cort On 16 ON 13 
atm émax (COIT 2.51 3. 20 x) 1.97 
y" (em~' atm 0. 5Y 0. 27 2 0. 53 | 
émax (Obs 1.10 1. 57 0. 40 1.04 | 
‘ . p Slit corr +0). 02 +0. 05 +. 01 +. 02 
Meshes 1: /=5.0 em, P=0.91 Overlap cort Is 15 2 238 
——— é€max (COrr uw 1.17 ly 6s 
em! atm 51 0). 24 40) 44 
: — . ona Range of be (cm O32 100.8 0.15 to 0.5 0.4to0 1.2 0.210 0.8 
Method 2: / 15.5 em, I 0.32 Ie ‘orrections, ‘ 12to 5 IS to 5 IS tO Wtod 
atm Average y° (cm itm 0. 49+. 05 0. 22+.04 0. 43+. 03 0. 59+. 05 
Method 3: [=1,000 cm, P be = (em D.. 0 171 0 = 0 as 0 137 
0.0065 atm pons See ee . gt é 
: . em~' atm v4 0. 21 0. 35 4 
Average observed y° (cm~! atm 0. 4+. 04 0. 23+. 03 0. 37+. 05 0. 55+. 04 
Microwave 7° (cm! atm 69 25 41 73 
‘ 
TABLE 10. Smoothed values of line width y° (em atm) in vo+ vy 
J’+J’')/2 
(K’K"’)/2 
lg lg 26 lg 4! ls bly 76 Rly gl 1! 11! 
0.37 0.31 0.27 0, 25 0.24 0. 23 0.21 0.19 0.18 0.18 0.17 0.16 lo 
47 3s 32 2u 28 27 2 24 22 z1 20) Ilo 
as) 44 is 5 4 31 24 7 Pai) 24 2h, 
55 17 42 w 37 “4 a0 2s 2h She 
“t} ww) 4) 41 38 35 $2 a0 to 
1) 51 i) 2 10) 7 ‘3 Sle 
vi dl 47 44 42 iy tile 
57 52 $8 $5 $3 74 
A 12 1S 45 Slo 
5 I 47 Wy 
5A Mw Why 
“4 lit 
band for which measurements, chiefly by the third | involving simultaneous dipolar transitions of the 


method, could be made. The absolute results for 
any single determination appear rather inaccurate, 
but the relative values as functions of J and K are 
quite regular. Smoothed average values are given 
in table 10. The dependence on J and A parallels 
that found in the microwave region [6]. Anderson 
[8] has shown that the observed microwave widths 
are in good agreement with his theory of collision- 
broadening. Table 9 includes Anderson’s values, 
averaged for the two states involved. It is apparent 
that the vibration-rotation widths are consistently 
20 to 25 percent less than the microwave widths. 
An application of Anderson’s theory to the present 
situation has not been attempted, because of the 
complexity of the calculation and the limited 
accuracy of the data, but it is qualitatively apparent 
that a decreased width of the observed order is to be 


expected. For the microwave case, when the vibra- 
tional transition is 0°—0*, both initial and final 
states have inversion frequenei ies <1 em™', so that 
in all encounters with colliding molecules, nearly 
resonant dipolar transitions can occur. For the 
infrared bands 01¢°10—0**, the initial state has 
the same low inversion frequency, <1 em™', but for 


the upper state the inversion frequency is ~20 em™. 
Hence a large proportion of the energy interchanges 


upper state and a colliding molecule are farther from 
resonance, resulting, according to Anderson’s theory, 


in a decreased width. Note also that transitions 
involving KA=0, which cannot occur in the micro- 


wave (-branch lines, are the narrowest observed, 
again as a result of the paucity of resonant inter- 
actions involving those states. 

According to this qualitative interpretation of the 
observed width data, in other vibration-rotation 
bands of NH, the widths should be greatest when 
both states have low resonant frequencies (e. g., ¥3), 
and should be even narrower than observed here 
when the upper state has very high inversion fre- 
quencies (e. 3v.). Work in progress shows that 
this is indeed the case. 

It is of interest to note that the marked variation 
in half-width among the lines of the band results in 
easily recognizable alterations in the general ap- 
pearance of the absorption under varying conditions. 


ia 
= 


At high pressures and short paths the lines of 
greatest half-width are least prominent, since 


Emax ~S’/y’P, whereas at low pressures and long paths 
they are the most prominent, since Jmgx~ W~ ( (Sy) 4, 

This is illustrated by the three tracings in figure 5, 
where the same spectral region is reproduc ed with 
identical slit widths for the thre conditions 1= 1000 
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the line “R(9,8)* at 4552.8 em@ (7°=0.52 em@ 
atm™') is barely visible at high pressure, but is 
prominent at low pressure. Conversely, lines 
®R(6,0)* and *“R(7,0)*, with y’=0.20 em atm, 
are very prominent at high pressure, and relatively 
weak at low pressure. 

As a consequence of this variation, it may be 
pointed out that sets of spectra such as those in 








~§/y. The representations of the spectra are 
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Figure 5. NHs spectra, 4,530 to 


Upper spectrum, p~0.5 cm Hg; intensity ~(Sy)”2; center spectrum, p=24 cm 


height ~S/y. 


1,560 cm", at three path lengths. 


Hg, intensity ~S; lower spectrum, p=70 cm Hg, width of intensity triangles ~y, 
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broad lines, and thus to sort out lines with A ~0O 
from those with A~/J/ in otherwise unidentiaiable 
situations. This technique proved of value in ex- 
tending the analysis of the present bands to their 
highest J-values, where the series regularities be- 
came uncertain, and should also be very useful in 
beginning the analysis in very complicated bands, 
such as the higher overtone bands in the visible re- 
gion [8] where there are many overlapping vibra- 
tional transitions with mutual perturbing interac- 
tions. 

It may be noted that except for the effects of the 
considerable overlapping of lines in the “‘high- 
pressure” (70 em Hg) tracings, the individual lines 
appear completely symmetrical about their central 
frequencies. Moreover, the central frequency does 
not shift detectably (<0.02 em™') in the 70-cm 
pressure runs from its low-pressure value. This be- 
havior confirms the lower-resolution finding of 
Nethercot and Peters [12], and has also been verified 


TABLE 1] Observed and cale 
Lit 1s 
Ol Cak 
cm m cm--at 
1500, 28 0.45 YP(9,7)« 0.17 
oo. 91 
O1. 59 16 RP(4,.3 20.7 
1. SS LRG S)* O16 
2. H5 2. #2 RRS 12.9 
3.11 .. 11 P P(2,2 0.7 
5. 30 POLL, D 12 
1503. 72 t. 7 {R99 oe 
(4. 06 
4.44 
04. 68 
4. 44 1% | 9 ] l 
$5005, 5th A) RPGS 7.2 
06. 12 6 11 RP(5 5 l é 
OS. 16 { Ss. ut) RPR(7.7)* 7.3 
. ae RP (4,2 ” 
14.10 
(Y. 42 ». 25 QO12,12 0.09 
1510, O08 0. i Rp? ? 1s 
12. 12 2.12 RP(AA 9.2 
| 2.85 RPR(GA 5.1 
12. 91 2.91 PGA 2.55 
| uw RP i oO4 
13.81 
wh 14 eR 17 
1515.19 { Is PRA 2. 24 
! oe RP(4,) 1 
15. 5 s RPT 10. ¢ 
lt th is RPGS 21.1 
17.34 7.56 RPA ” 
1S. OS sO RRS Ss 
$518. 49 S45 / 12 
19. 37 s. Hu Rao oO. 1S 
19 57 
0, 20 ‘ RP - 
1.01 , PR(3,2 1. 32 
1522. 43 2. 42 RPR(4A0 l 
22. 57 2 RPGS 7.2 
22. 87 “4 RP (7 60 
23. OS ! R(4.2 140 
23. 97 
re 4 PR 4 
wee 1 RRS 1s 
25. 45 ‘ R R(8,7 ; 
25. 87 14 QPL 0.0 
27. 44 7.4 RPT 7 “ 
2 RR(K,2 72 
- 94 RP(O4 


ulate d line S, 





in all the NH, bands studied. lt therefore woul 
seem that the apparent shift and asymmetry of th 
microwave lines at pressures above 20 cm Hg [9 
a result of some property of the line shape when , 
and y are of the same magnitude, rather than of any | 
property of the statistical broadening of the energ 
levels. , 

Using the smoothed half-widths (table 10) and line 
strengths calculated from S?=19.7 for v.+-y, and 24 | 
for vv, a table of all the lines to be expected with the 
1,000-em path have been completed. A portion of . 
the complete list is given as table 11, and, as pointed | 
out earlier, the values of W.,.). are proportional to the | 
heights of the lines in figures 1 to 3. It is seen that, 
quite complete and accurate description of the spee. 
trum has been attained. Only in the lower-frequeney | 
regions are there any considerable number of unas. | 
signed features, presumably due to other vibrational 
transitions such as 2y$+-»., and 23+». In the ana. 
lyzed bands »,+-») and »,+-»; both the positions and 
intensities are well accounted for 
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, } TABLE 11 Observed and calculated lines 
ft | , 
yf th 

9} is | 
len » 7 Lime wos 
f any Obs Cal 
ergy 

cm m m-- atm ri 
. $5928. 55 ws. AS RR(GA 5.2 
i line 29 45 1 46 PRP(33 0. 94 
dd 24 10. O01 0.05 m= ’ 2 63 
0. 21 24 (4,1 2. 24 

h the S117 1.16 PR(4,3)* 1.49 
bn of « 1532. 06 2.07 RR(5, 1 5. 28 
Inted 2. 66 2 ts a 6 1.8 

= j; 2.79 *(7, 6) 10.6 

0 the | pa 19 | 2.93 PR(5, 1)* 2.15 

at « 4. 08 +. 46 ®RO1,9 0. OS 

hat i 4.84 $83 RR(6, 3 7.3 
Sper. a 

: eR (> { 4.96 R(6, 1)" 2. OF 
ene) one) 1 508 RR(Y, 8)" 2.16 

‘ 45. 53 1“? P11, 10)" 0.04 

Nas. | 1. 6. 92 R PLO, 10)° 1.97 

10nal 37. 23 7. 24 RR(7,3 3. 76 
7.86 7. 29 RPR(S, Ss 5.3 
ana- 

‘ } $538. 32 S, 28 PR(4, 2 1.40 

and 38. 4S SH RR(7Z, 5 .. 70 

19. 05 
19. 39 4. 3S PP(4,4 0). 28 
10.7 0.7 RR(S, 5 1.75 
1540. 1S 
0), 82 O84 P R(A, 2) 1.16 
11. 46 1. 46 RPR(6, 2 2.73 
. 12. 23 2. 21 RR(9, 7 1.4 
12.00 2 RP(S, 7 : a4 
$45. 04 
| 4.42 RPO, 9 2. 52 
44.49 4.44 RR(7, 2) 1.45 
| $4 KR(7,4 2.4 
3. 31 5. OS KR(11, 11 1. O8 
16. 7 f 6.73 PR(4, 3) 1.49 
’ i 6.80 RPS, 1. 25 
17. 7. OF PR(KL1 2.15 
{ 
$548. 12 x 0 RP(9, 9 2 
$s. 29 5. 26 KP(8, 6 1S 


is. 41 s. 41 
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4. Summary and Conclusions 


two strongest combination bands of NH, 


in the region 


( 
i: A quite complete analysis has been obtained of the 


microns, Accurate rotational constants for os 
rd tata fine bene deeheade aneiieraecnee [8! 
state good values have been obtained for the basic | |"! 
rotational constants, and in addition fine details of (10) 
the energy levels involving the interaction of the in- 
version splitting and rotation, and of the Coriolis | [11] 
interaction constants and rotation have been noted, | [!?! 
The intensities and collision half-widths of the lines, | 
‘and the variation of these parameters with rotational 
state, have also been obtained. 
Similar studies have been made of a number of | ,,,, 
ee Fig : Beige 4 
other bands of NH, and its isotopic modifications at | 545) 
wavelengths shorter than 6 microns. These results, — {16} 
and derivation therefrom of basie structural param- 
ters of the ammonia molecule, will be reported in st 
subsequent papers. . 
’ [19] 
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Evaluation of Tensile, Compressive, Torsional, Transverse, 
and Impact Tests and Correlation of Results for Brittle 


| Cermets' 


Matthew J. Kerper, Lewis E. Mong, Maurice B. Stiefel,? and Sylvanus F. Holley 


| Static tests were studied for the 
materials. Specimens of brittle materials, 
compositions, were subjected to tensile, 


compressive, 


determination of mechanical properties of brittle 
represented by cermets having five different 


torsional, transverse, and impact tests. 


The designs of specimens and apparatus, suitability of the tests to the materials, refinements 


in test procedures, and the variability 


elastic properties were 
sional test. 


were obtained in the compressive tests. 


properties was unsatisfactory. 


1. Introduction 


The unusual mechanical properties of refractory 
brittle materials, including cermets, intermetallics, 
and special ceramic bodies, have renewed the interest 
in test methods for determining these properties. 
Because of their heat and erosion resistance, these 
naterials were suggested for many new engineering 
( gplications where high temperatures and stresses 
* prevail. Divergent test methods and lack of control 
n the fabrication of the materials have resulted in 
onfusing data for the mechanical properties. Con- 
equently, the test methods for these brittle ma- 
terials have been extensively studied in order to give 
setter descriptions of the materials for engineering 
purposes. 

The fabrication of cermet tensile specimens and 
their design have been studied by Blackburn [1]. 
) Duckworth investigated the effects of specimen size 
2} and bending [3] on the tensile strength. The 
causes of second fractures of tensile specimens were 


discussed by Miklowitz [4]. Stiefel [5] made photo- 


dastic studies of stress distribution for several 
designs of tensile specimens. The tensile test has 
been extensively used for ductile materials, but, 


i 
Lt. 


although tensile data for brittle materials have much 

| theoretical interest, the test has rarely been employed 
for refractory ceramic materials |6,7}. 

The stress distribution in the compressive test of 
brittle materials and the effect of specimen size were 
studied by Salmassy [8, 9, 10]. The optimum shape 

for the compressive specimen was investigated by 

) and Ni ~ ai {11, p. 328]. 

The torsional t test for brittle materiale has been 
studied by Duckworth [3] and Salmassy [9]; aad tor- 
sion tests of refractory oxides were made by Stavro- 
lakis 112). Stress corrections for plastic ity were 
presented by Nadai [13, p. 128}. 
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of results and their correlation were studied. 
obtained from tensile, 
modulus of rigidity calculated from the results of these tests agreed with that from the tor- 
Tensile strength was obtained from the tensile, 
specimens of comparable sizes in accordance with a limiting tensile strain. 
The correlation of impact values with mechanical 


The 
compressive, and transverse tests, and the 
and transverse tests on 
Shear strengths 


torsional, 


The elastic properties of brittle materials have been 
obtained from the popular transverse test both by the 
deflection method [14] and by the surface-strain 
method [3], which also gave Poisson’s ratio. The 
mathematics for the transverse specimen, with its 
accompanying anticlastic curvature, were presented 
by Timoshenko [15], who also reported Seewald’s 
stress correction for the effect of concentrated loads 
[16, p. 99]. Photoelastic studies for different span- 
to-depth ratios were given by Frocht [17]. The 
altered stress distributions for short beams have been 
investigated by Timoshenko [16, p. 66], Caswell [18], 
Seewald [16, p. 99], and for short cylinders by Milli- 
gan [19]. Nadai [13, p. 164] evaluated the correc- 
tions in strength required when plastic flow occurs 
in the transverse specimens. The statistical theory 
relating specimen size to strength was discussed by 
Weibull (20), Griffith [21], and Salmassy [9, 10). 
Barriage |22] discussed this theory and gave data 
indicating causes of heterogeneity of specimens. 

The C harpy impact test has been standardized for 
metals [23] and organic plastics [24]. The types and 
characteristics of impact tests have been discussed 
by Sayre [25], and Soxman [26] has studied the drop 
test for cermets. A highly specialized impact test 
employing a fly wheel was reported by Maxwell [27]. 
The re producibility of the Charpy test results was 
investigated by Driscoll [28], and the reduction in 
impact “value by notching was studied by Quackenbos 
(29! who, with others [30], correlated impact values 
with flexure tests. There has been considerable dif- 
ference in opinion as to the correct method of test 
and the interpretation of results for the impact test. 

The research work, described in this incomplete 
list of references, has served to improve the methods 
of test and the reliability of the results. 

These references indicated that brittle materials 
were characterized by small elongations and small 
plastic deformations, but that they had widely 
ranging strengths and moduli of elasticity. The five 
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examples of refractory brittle materials tested in this 
investigation were selected (1) to emphasize the 
problems of measuring extremely high strengths on 
the one hand and of very small strains on the other; 
and (2) to obtain homogeneous material in order to 
minimize the complication of material variation in 
the comparison of the tests. These considerations 
led to the choice of four cermets and an intermetallic 
as specimen materials. 

In the work reported here, additional refinements 
in the test methods were made. Each test was 
evaluated from the viewpoints of compliance with 
the mathematical assumptions, instrumentation, 
suitability to the materials, and the variability of 
the results. <A study of the correlation of the results 
from the tensile, compressive, torsional, transverse, 
and impact tests was also made to check the over-all 
performance of each test and to further explain the 
behavior of the cermets. 


2. Materials 


The compositions, methods of fabrication, den- 
sities, and porosities of the cermet specimens are 
given in table 1. Manufacturers of cermets supplied 
the finish-ground specimens. 

For each cermet, the same composition was speci- 
fied for specimens for each of the tests. The manu- 
facturer of cermet IV, however, made improvements 
in the fabrication of his product during the time 
interval when specimens were purchased. Trans- 
verse specimens were obtained first, followed by 
tensile, impact, and torsional specimens. 

Hich-strength materials were represented — by 
cermets I and II. Cermet II] was an example of a 
material having considerable plasticity. Materials 
having small elongations were represented by cermets 
IV and V. The mechanical properties of cermet V, 
which was classified also as an intermetallic, were 
similar to those of some ceramic bodies having large 
percentages of refractory oxides. 


TABLE ] ( ompositions, n ethods of fabrication, densities 


and porosities of cermetl specimens 


or 
net Nlethod 
lesig Per ibricat I) 
nat Nlateria ent 
by 
ight 
| Pungsten carbide 4 (Cold press 14.40 N 
Cobalt ‘ j sinter 
I! {Tungsten carbide yy Cold press 14.1 \ 
iCobalt | {i sinter 
iI Titanium carbide iT Cold press 5 87 \ 
tNickel it) i sinter 
I\ Alumina TT Slip cast \ ss ort ) 
Chromium rt) ( sinter 
Zirconium boride ay 5 8 
\ ; , ) R 
| Boror Ww) Hot pr 


ASTM Method Cz0-46 was used except that specimer 
ited with he ptane 


‘for different specimetr 


3. Tensile Test 


3.1. Evaluation of Specimen Designs 
a. Specimens and Linkages 


Five specimens each of the five designs shown H 
figures 1 and 2 (A, B, C, D1, D2) were made 4 
cermet ILI. This material was selected because | 
was relatively uniform, had moderate strength, ang 
could be readily fabricated. The dimensions of th 
pin-end, T-end, and shouldered-end specimens wer 
proportioned in accordance with the informatio 
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PutRE 2 Fractured tensile specimens made of cermet TTT, 
obtained from the photoelastic studies [5]. The 


sic design of the gripped-end specimens was de- 
veloped at the Ohio State University [1]. All speci- 
mens had a reduced portion for making strain meas- 
‘wements. This portion was 1.25 in. long with a con- 
stant cross-sectional area of 0.05 sq. in. 

The adaptors, or grips, for linking the correspond- 
ig specimens to the te sting machine are shown in 
figure 3. Precautions were taken in machining to 
obtain axial loading. 

The load was transmitted from the adaptors to the 
specimen by a pin for specimen A anid by bearing sur- 
faces for B and C, figures 1, 2, and 3. These des ‘SINS 


ave specimen heads that were massive compared to 
he gage sec tion. 

The load was transmitted for specimens of types 
Di and D2, 
by 


, from the grip to the 
in shear. The grips 


and 3 
liner 


figures 1, 2, 


specimen means of a 





(A) (0) 
Figure 3 Adaptors for loading tensile specimens. 
¢ Adaptors, or grips, fit specimen forms having corresponding letters, shown in 


oi 


were tighte ‘ned sufficiently to force the mild steel liner 
material, 20 mils thick, into the grooves of the jaws 
and specimen. The grips were especially designed 
to obtain axial loading. 

The long type of “gripped- end specimen, D1 of 
figure 1, was originally designed to extend out of a 
furnace for high temperature tests and permit grip- 
ping at the colder end. A short type, D2, was ma- 
chined from the end of each broken D1 form to give 
data indicating the value of this simpler specimen 
for room-temperature tests. 


b. Apparatus and Procedure 


A hydraulically operated universal testing machine 
was used for loading the specimens. All grips and 
adaptors were attached to the testing machine by 
means of conventional ball-and-socket joints, shown 
at the top of figure 3. 

Figure 4 shows a long gripped-end specimen in 
position with Tue! ‘kerman gaged mounted. The 
specimen stress was increased in five equal steps, 
at a rate of 10,000 psi per miute, to a maximum of 
10,000 psi, and then decreased in similar steps, to 


obtain the data for the modulus of elasticity. After 
determining the modulus of elasticity with the 
Tuckerman gages, the gages were removed, and 


SR-4 clectric-resistance strain gages were applied 
to the specimens in positions noted in table 2. 
The loading procedure with the electric strain gages 
was the same as that used with the Tuckerman 
gages. The percent of bending was calculated as 
100 times the difference between the maximum 
surface strain and the average strain divided by the 
average strain. The method of calculation reported 





Apparatus for tensile test. 
gripped-end specimen with Tuckerman strain gages is shown 


FIGuRE 4. 
\ long 
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TABLE 2 Average results for tensile tests on five specimens of each of five desiqns of specimens made from cermet TIl 


3 specume! 
> | esene 
Modulus of elasticity Extensibility Fracture vests OD 
~ 
to shoc oF 
from electric gages Bending : 
Specimen from Poisson's Tensile it Num. | the five 
form Pucker ratio * strength rupture t Caleu- ‘es 
0 
man Assembly A Assembly B Measured lated Mode of ¥; the ph 
gages——-f speci- the mod 
Gages I Gag I mens The F 
rather W 
14 psi : 108 ps 108 psi psi Percent Percent Percent aatisfact 
Pin-end Md TwoA 0 Four A-12 4.9 0. 23 « 72,050 7.0 #0. 142 £0.128 Single, in gage . . 
1(0.8 1.2 2.0 6.6 14.4 37.5 14.3 (14.0 | Across pin hole 3 of a cer 
T-end 55.2 lwo A-S 1.8 Four A-12! 55. 4 0. 22 131, 000 3.2 0. 278 0. 235 | Doug le, in gage 2 The a 
1.0 2.3 11 3.7 (5.8 (30.2 (2.3 7.4 ae ee I ‘ 
At T fille t 2 ' many Ss} 
Shouldered 53.5 Three A-7 4.0 Three A-12 55. 3 0, 22 112, 940 2.3 0.241 0.204 | Single, in gage 4 giamen 
end 0.6 0.1 2.5 nil Ms 55. 2 12.4 22 [a oom 1 cTeASEE 
ta 1 Prge . ‘oo 
Long gripped ‘M8 Three A-7 57. 4 Phree A-12 55.1 0.22 141, 200 3.3 0. 304 0.256 lo. rupture 
end 0.3 0.1 11 nil x 0 65.3 11.¢ 5 ngie, In gage | end spe 
Single, in gage 3 | specime 
Short gripped- Three A-7 M5 Phree A-12 * 1.0 0. 22 127, 700 5.2 0.251 0.236 Single, in enlarged 1 
end 2.8 1.0 15 a7 68.2 14 s 4 end Table 
Accidental 1 offracti 
Wi. T 
* Calculated from strains indicated by assembly A gages and an additional lateral A-7 gage Three 
Average bending at rupture for five specimens calculated by the method given by Duckworth [3 e., bending = 100 (Max surface strain minus average strain) 
average strain pin | hole 
Tensile strength X 100/modulus of elasticity = Percent calculated extensibility 
1 Numbers in parentheses are coeflicients of variation [32 section 
* Placed axially on the wide sides of three specimens 
One gage placed axially on each side of five specimens those of 
« Average for two specimens fracturing in gage; stresses in gage section of remaining three were 82,000, 86,700, ind S8Y,000 ps Iwo 
Average for three specimens fracturing in gage; stresses in gage section of remaining two were 102,000 and 117,000 psi . = 
Placed axially and spaced at 120° on two specimens remain 
i Placed axially and spaced at 120° on five specimens : 
* Placed axially and spaced at 120° on three specimens g. (WO wit 


? Average for three specimens fracturing in gage; stresses in gage sections of remaining two were 117,000 and 125,000 psi 


by Duckworth [3] was used to determine the maxi- | the Tuckerman gages had lower coefficients of varia- 


mum strain. Lateral strains from gages placed at | tion [32] than those obtained by electric strain gages. 
right angles to the longitudinal axis of the specimen | This difference can occur because: (1) a larger meas- 
were obtained simultaneously with the axial strains | urement error was possible with the electric strain 


for the determination of Poisson’s ratio. The | gages, and (2) a different electric strain gage was . 


electric strain gage measurements were corrected | used for each gage application whlie the same pair of 
for lateral strains [51]. Tuckerman gages was used throughout the tests. 
Following the final determinations of the modulus The maximum percentage difference between the 


of elasticity, the specimens were stressed, in steps | average moduli of elasticity for the five types of 
of 10,000 psi with a rate of 10,000 psi per minute, to | specimens made of cermet II] was approximately the 


three W 
All 
raze set 
mens W 
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failure. Strain readings were taken at each stress | same as the e xperimental error. The average mod- | Tl 
ie 


increment to obtain the stress-strain curves to ulus of elasticity of the short gripped-end spec imens 
rupture. was slightly less than r the long specimens from 
The extensibility was the maximum tensile strain | which they were cut. A lower value for the short « 
at fracture. The observed extensibility was the 
extrapolated strain at rupture from = the stress- 
strain curve to rupture, reported in percent. It 
was also calculated as the ratio of tensile strength 
to modulus of elasticity and reported in percent. 
Considering the possible errors to be additive, the 
rms error for the modulus of elasticity was 2.6 per- 
cent using the Tuckerman gage and 4.8 percent using | « 
the electric strain gages. The rms error in Poisson’s 
ratio was 6.0 percent. These errors were probably & 
less, for some compensation of errors could be eCX- é 
pected. Bending introduced uncertainties in’ the 
strength determinations [3]. 


c. Results and Discussion 

The results obtained for the five different specimen Z 
designs of cermet IIL are reported in table 2, and a 
typical stress-strain curve for a specimen having D! 


i, 


. . . ~ Figure 5. Stress-strain rves for long a ved-end specimens 
form is shown tn figure 5. curves , J grippe ! 

rr " er . | ol cermets tested nflension 

The modulus of elasticity values obtained by using ers ible i eaeeellate ieee eal 
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gecimens was expected because they were pre- 

> | lesed beyond their elastic limit during the tensile 
{ tests on the long specimens, and they were subjected 
v9 shock when the latter specimens broke. All of 
| the five designs were satisfactory, as expected from 


Num. ; : 2 . , ; . 
ber f the photoelastic studies [5], for the determination of 
sect. | themodulus of elasticity of cermet III. 
mens —/ The Poisson’s ratios for the different forms agreed 
rather well. It appears that electric strain gages are 
satisfactory for the determination of Poisson’s ratio 
: of a cermet in a tensile test. ' 
2 The amount of bending varied during loading for 
2 | @many specimens, usually decreasing as the load in- 
" erased. For comparative purposes, the bending at 
rupture was used. Bending was largest for the pin- 
end specimens and smallest for the shouldered-end 
3 | | specimens. — . 
I Table 2 gives the tensile strengths and the types 
1 offracture for the five designs of specimens of cermet 
_ I. The types of fracture are illustrated in figure 2. 
wie | puree of the pin-end specimens broke across the 


pin hole. The two specimens that broke in the gage 
section had very low strengths when compared to 
those of other forms. 
Two T-end specimens broke at the shoulder. The 
remaining three specimens broke in the gage section, 
,.two with double breaks [4]. The strengths of these 
three were comparatively high. 
All of the shouldered-end specimens failed in the 


gge section. The average strength for these speci- 


dl mens Was approximately 14 percent less than for the 
aan! Tend form. The double length of the gage portion 
rain * may have been expected to reduce the strength a 
wad small amount [2], but it is doubted that it was the 
rof , oily factor that lowered the strength so much. 

Ihe modulus of elasticity was also slightly lower 
the | or. this form, and it was possible that the heavy 
of yds and comparatively slender gage portion contrib- 
the uted to overstressing during machining of this form 
od. with the accompanying generation of stress-raisers. 
ond ( The long gripped-end specimens had the highest 
om { tverage strength ol the live forms. All of the 
ort , Specimens fractured with a single break in the gage 


length. 

The short gripped-end specimens had an average 
tensile strength 10 percent lower than the correspond- 
ing long specimens, from which they were cut. This 
difference may be due in part to the prestressing and 

> shock in the tests on the original specimens. One 
specimen broke in the enlarged end and the remaining 
a) ' three broke in the gage length. 

{| Both the experimental and the calculated ex- 
tensibilities are reported in table 2. The ratios of 
these two values of extensibilities were substantially 
the same for the different forms because all speci- 

» mens were made of the same cermet material. As 
the modulus of elasticity was essentially the same 
for all five, the extensibility values depended on the 
strength. The measured extensibility included the 
plastic strain and represented the behavior of the 
material more accurately, figure 5. 

ns The pin-end and T-end forms were unsatisfactory 

. for strength tests because breaks occurred outside 

| the section. The pin-end specimen may _ be 


rage 


| 


usable if the heads are made thicker in the direction 
of the holes. The T-end specimen needs a larger 
radius between the head and the gage section. This 
modification would necessitate a thicker head and 
would increase the fabrication difficulties. For both 
the shouldered-end and gripped-end designs, the 
fracture characteristics and the percent bending 
were reasonably satisfactory. Both designs require 
careful machining. The shouldered-end specimen 
requires that a large amount of material be removed 
to make the gage section. The long gripped-end 
specimen is slender but can be satisfactorily fabri- 
cated, if carefully done. 

The long gripped-end design was chosen as the best 
design of the five for (1) it showed the highest 
strength, (2) the variation between specimens was 
relatively small, (3) the bending was reasonably low, 
and (4) the specimen can be used without further 
modification for tests at elevated temperatures. The 
short gripped-end specimen is probably satisfactory 
for use at room temperature and is relatively easy 
to fabricate. 


3.2. Suitability of the Long Gripped-End Specimen 
for Different Cermets 


a. Specimens, Apparatus, and Procedure 


After the long gripped-end specimen design had 
been chosen as the best, five specimens each of this de- 
sign of cermets I, Il, and 1V were obtained. Asa pre- 
caution against slipping, the design was modified to 
include more grooves as shown in figure 1, D3. The 
apparatus and the procedure were the same as those 
described for testing the long gripped-end specimen, 
except that the strains were measured with electric 
strain gages only. All five specimens of cermet IV 
were improperly fabricated by the manufacturer, the 
enlarged ends being slightly out of line with the gage 
portion. The gripped portions of the enlarged ends 
were reground to aline with the gage portion before 
testing. The manufacturer of cermet. V declined to 
furnish specimens. 


b. Results and Discussion 


The moduli of elasticity, strengths, extensibilities, 
Poisson’s ratios, bending percentages, and types of 
fracture are given in table 3 for cermets I, I], III, 
and IV. Typical stress-strain diagrams for the cer- 
mets are shown in figure 5. 

The plot of stress and strain for cermets IT, ITT, 
and LV showed some curvature. The stress-strain 
diagram for cermet I was a straight line to rupture. 

The cermets I, I], and IIT had comparatively low 
coefficients of variation for modulus of elasticity, but 
the coefficients for strength and extensibility were 
considerably higher. Nevertheless, these coefficients 
of variation for strength were considered to reflect 
material variability and were slightly lower than 
some reported values for a similar material [3]. The 
corresponding coefficients were considerably larger 
for cermet LV. 

The specimens all ruptured in the gage length with 
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TABLE 3 Average tensile properties of five long gripped-end specimens of each of cermets 1, 11, 111, and 1V 


Modulus Bending 

Cermet of Poisson's Tensile it 
elasticity @ ratio ytl rupture 

10” ps 

I 20 0 "1 176, O00 4.4 
uy 4 | ms 

Il xf "sy LLL “6 
o.4 nil 0 38.6 

Ill 55. 1 i. 22 141, 200 $.3 
1.1 nil x0 65.3 

1\ 3 1 0, 22 3S, 100 6.9 
14 nil 13.6 (40.1 


Extensibility Fracture 
Caleu Number 
Measured lated 4 Mock of speci- 
mens 
0. 201 0. 196 Singic, in guage 
(0 (oo 
0. 202 0 259 jingle, In gage : 
61 Fi Single, in fillet I 
; » | : 
Single, thru flaw in fillet l 
0.394 Oi Single, in gage 
11.6 6. § 
0. 100 0.089 Single, in gage 
16.2 (15.9 


* Average for electric strain gages from Assembly A consisting of three axial A-7 gages at 120° and one lateral A-7 gage on two spec 
mens, and Assembly B consisting of three axial A-12 electric strain gages spaced at 120° on three specimens 


» Average for two specimens having gage Assembly A 


Caleulated by method given by Duckworth [3] for five specimens 
! Tensile strength x100/modulus of elasticity = percent calculated extensibility 


« Numbers in parentheses are coefficients of variation [32! 


Average for three specimens fracturing in gage; stresses in gage section of remaining two were 169,000 and 225,000 ps 


« Average for five specimens having Assembly A gages 


a single break except for two specimens that broke 
outside the reduced portion. One of these broke 
through a flaw in the fillet portion. No other flaws 
were noted. 

The average percentage of bending was negligible 
for cermet II. The results for cermets | and III 
indicated reasonably low bending, but the bending 
of cermet IV was larger, due, in part, to the in- 
accurate shape of the specimens. 


3.3. Evaluation of the Tensile Test 


The essential requirements for a satisfactory tensile 
test on cermets are (1) a. satisfactory specimen 
design, such as the long gripped-end of shouldered 
end specime n, (2) ace -urately shaped specimens and 
adaptors, (3) accurate alinement, checked by bend- 
ing measurements of specimens, adaptors, and test- 
ing machine, and (4) sensitive strain gages such as 
electric-resistance or Tuckerman strain gages. 

The tensile test gives reliable values of modulus 
of elasticity, Poisson’s ratio, and tensile strength 
without complicated corrections. 


4. Compressive Test 
4.1. Specimens 


The compression specimens, 0.424 in. square by 
1.27 in. long, were machined from the enlarged ends 
of fractured flexure specimens (Bl form) to be de- 
scribed later. Five specimens each of cermets I, I, 
I1l, and IV, and three specimens of cermet V were 
prepared, 


4.2. Apparatus and Procedure 


In the preliminary tests, the bearings for the speci- 
mens were blocks of cermet | either in direct contact 
with the specimen ends or separated by thin metal 
pads. Parallelism of the blocks was to be obtained 


either by a hemispheric bearing attachment or by 
casting a thin plaster of Paris layer between the 


bearing block and the head of a hydraulic testing , 


machine having a capacity of 300,000 Ib. 

In the final improved method of test, the bearing 
blocks, or anvils, consisted of an insert of cermet | in 
a tool steel holder which was shrink-fitted. The cer. 
met and opposite faces were made parallel by finish 
grinding. The cermet face of the anvil was reground 
before each test bec ‘ause the surface was roughened 
in the preceding test by the end of the specimen at 
the high stresses required for its fracture. The an- 
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“ermet 


vils made direct contact with the crosshead and N 


table, which were accurately parallel, of an “electro- 
matic’ testing machine having a capacity of 200,006 
Ib. 

Electric-resistance strain gages were attached ¢ 
the middle of each of the four sides of the en Aes n 
for strain measurements. For axial strains, used to 
calculate the modulus of elasticity, A-7 gages, 


(SR-4), were used. AX-7 rosette gages were placed 


on two opposite sides of each of three specimens of 
each cermet for both lateral and axial strains, whieh 
were used to calculate Poisson's ratio. All strains 
were corrected for later: or strain [31]. The percent 
bending was calculated, in the tensile test, by 
Duckworth’s method [3]. 

Specimens were stressed in increments of 11,300 psi 
for modulus-of-elasticity measurements. The speci- 
mens were then loaded to rupture in inerements of 

8,500 psi. Strain and stress were read at each 
increment. 

The root-mean-square errors introduced by the 
measuring devices were: 15.1 percent for modulus of 
elasticity, 4.5 percent for Poisson’s ratio, and 1.5 per- 
cent for compressive strength. The additional error 
in strength due to bending was indeterminate [3] 


4.3. Results and Discussion 


In the preliminary tests employing the hemispher- 
ical attachment, bending was erratic and sometimes 
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‘large that a side of the specimen was in tension. 
Satisfactory values of bending were sometimes 
obtained when a layer of plaster of Paris was used, 
’ hut the lowest values were obtained with the cermet 
{ ool steel bearings and the well alined testing 

* machine. The use of thin pads between the speci- 
man and the bearings did not reduce bending. 

The modulus of elasticity, compressive strength, 
Poisson’s ratio, and the percent bending are pre- 
seated in table 4. For cermets I, Il, and LIT, the 
‘modulus of elasticity and the compressive strengths 
had low coefficients of variation, and the bending 
fyassmall. The larger variability and bending noted 
incermets LV and V were attributed to the materials 
' and not to the test, for they also had large coefficients 
‘of variation in the other tests. The values for 

Poisson’s ratio were in good agreement for specimens 

ofa particular composition. The percent bending 

forall cermets showed a large coefficient of variation 

whether the actual bending was large or small. 

Suce all conditions of the test were reproduced as 

narly as possible, the large variation in bending 
r by sams to be an inherent characteristic of the com- 
the pression test. 


sting . 
TABLE 1. A eraqdge re sults from compression tests for each of 
ring five cermets 
pr 6 . 
I in 
cer. Modulus Poisson’s Compres- Calculated 
ih ‘ermet * of Bending ratio sive Strain at 
mish elasticity strength rupture 
und » = 
" 7, | 1% psi psi 
“ned I 1.3 Hs 0, 22 SSS, 000 0. 646 
n at 1 (3.4) 0.3) nil 2.4) (5.7) 
an- ‘ii 738. 8 5.4 0. 23 555, 800 0. 705 
and 0.9) 1.9) 4) I.) 2.4) 
‘tro- | IIL. 50.9 6.1 0. 24 374, 000 0. 735 
1.4 9 2.( 2.2 
01 , ' » ) 
IV. 1.4 22. 1 0. 2 118, 500 0). 289 
6. 5) 2.5) 2) 11. 2) 16. 6) 
l at 
a 44.5 14.1 0.17 181, 300 0. 400 
men 11.9) 57. 4) 5) 27. 0) IN. 8) 
d to a : 
IZes, * Five specimens of each of cermets I, IT, III, and IV, and three specimens of 
rced ermet . were tested The specimens were 0.424 in, square in cross section by 
Les NM, ON 
is of > Calculated according to Duckworth 
; ¢ Calculated strain at rupture =compressive strength x 100/modulus of elasticity. 
hich } ¢Numbers in parentheses are coefficients of variation in percent {32}. 
ains 


cent | Figure 6 shows a typical stress-strain curve for a 

by ‘specimen of each of the five cermet materials. The 

vurves for cermets I, II, and III had considerable 

) psi curvature, and the strains increased rapidly as their 

yeci- Compressive strengths were approached making 

s of accurate measurements impossible with the portable 

‘ach strain indicator. Cermet IV had an almost straight 

line to the largest stress shown on the graph. Be- 

the yond this point the strain increased so rapidly that it 

s of could not be measured accurately. Cermet V was 

per- theonly material that exhibited a linear stress-strain 
rror ¢urve to rupture. 

In general the specimens ruptured violently and 

were reduced to many small fragments, and detec- 

tion of any flaws on the fracture surfaces was im- 


- possible. Specimens of cermet IV did not shatter 

el completely, but broke into small fragments at the 

me ends and left the middle intact. One specimen 
473722—58——3 
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Figure 6. Stress-strain curves of cermets tested in compression, 


The numbers refer to cermets given in table 1. 


formed a slip plane and did not shatter. This be- 
havior was not surprising because cermet IV con- 
tained 70 percent metal. 

Friction between the ends of the specimen and the 
anvils causes a distortion in the stress distribution, 
resulting in a stress concentration near the end of the 
specimen with a lowered average stress at fracture. 
Although this error has not been evaluated, its 
presence has led to the conclusion that the compres- 
sion test is not reliable for brittle materials [8]. The 
results for cermets, table 4, indicate that the co- 
efficients of variation are not appreciably greater 
than for the other mechanical tests, and that the 
error is consistent. Suggested means. for reducing 
the error are, (1) lubricate the ends of the specimens, 
(2) make the ends of the specimen concave to match 
a cone-shaped anvil having the angle of friction, and 
(3) enlarge the end of the specimen, and fillet to the 
gage section [33]. 

The most common compression test specimens are 
right prisms or right cylinders, but other shapes are 
occasionally used [33]. The eylindrical shape is 
recommended often by the American Society for 
Testing Materials (ASTM) and also by Duck- 
worth [3]. The shape factor seems to be minor, and 
the shape of the original stock often dictates the 
shape of the specimen. 

The importance of uniform stress distribution and 
the effects of nonuniform distribution were discussed 
by Salmassy [8]. Stress distribution in this work 
was improved by (1) maintaining accurate alinement 
of specimen, bearings, and testing machine, and (2) 
the use of a testing machine having very little lateral 
movement of the crosshead relative to the table. 
Subpresses have also been employed to maintain 
alinement [34]. 
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4.4. Evaluation of the Compressive Test 


The major requirements for the compressive test 
on cermets are (1) accurately shaped specimens, (2) 
accurate alinement of specimens, bearings, and test- 
ing machine, (3) a testing machine with little lateral 
movement between the head and table, (4) bearings 


having sufficient hardness and strength, and (5) 
reducing bending to a minimum as indicated by 


multiple strain gages. 

Prismatic or cylindrical specimens are suitable for 
the comparison of modulus of elasticity, Poisson’s 
ratio, and compressive strength of cermets. Speci- 
mens having special shapes are required to obtain 
the true compressive strength. 


5. Torsion Test 
5.1. Specimens and Chucks 
The design of the specimen was similar to that 


used in other laboratories for torsion tests of brittle 
materials |8, 12]. Figure 7 shows the specimen and 





gives its dimensions. The chucks consisted of a 
single piece and had 1.000-in. square sockets fit 
the specimen as shown in figure 8. 
e 
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Fiat RE 7. Torsion specimen 
The square indicates the position of a rosette strain gage, and rrow di 
cate the directions of principal ter ind compressive strains 


5.2. Apparatus 


A torsion machine having a capacity of 0 to 40,000 
in.-lb, in four ranges, was designed especially for 
torsion testing of brittle materials, which are 
tive to bending. Bending of the specimen was re- 
duced by making the main members of the frame 
of the testing machine symmetrical about the center 
line of the specimen, figure 8, as is done for conven- 
tional tensile-compressive testing machines. The 
conventional torsion-testing machine differs in that 
its frame is not symmetrical, and the applied torque 


sensl- 


may cause a bending moment to be applied to the 
specimen. 
The angular deformation of the specimen was 


measured by means of the optical twist gages shown 
mounted on a specimen in figure 9. The optical 
systems for measuring twist using Tuckerman auto- 
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Figure 8. Apparatus for torsional test. 


he torque head of the testing machine is withdrawn from the 
Autocollimators A and B complete the optical system of the 
gage. D is aright angle prism to facilitate readings on B 
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ced 2 in., cf the specimen C a@ 
transmitted to Tuckerman 
transmitted to first-surfae 


ind B contact the gage m 
dges, D and E, 1 mm wide Iwist from A is 
H and I by arms F and G. ‘Twist from B 

kK and L adjusted by s 


irks, spa 
prisms 
rhirrors 
collimators [35], (A and B, figure 8) were e ‘stablished { 
on opposite sides of the specimen when mirrors k 

and lL were properly positioned before the roof 

prisms H and I. The gage was sensitive to 0.00001 

radian. 

AX electric-resistance strain (SR-4) of 
the rosette type were used to measure surface strains, 
and were placed at 45° to the long axis at the middle, 
figure 7, and on opposite sides of the reduced section 
of the specimen. 

All strain readings were corrected for lateral strain 
effects by the method described by Baumberger and| 


or, for 
tions to 


gages 


where |) 


Hines [31]. All fr 
5.3. Procedure a binoc 

Some 

The optical twist gages were mounted and _ the) of load 
specimen placed in the torsion machine, as shown iN accurac 
figures 8 and 9. The torque was applied at a strain’ ment o! 


an error 


rate of 0.005 radian per minute in five increments o! 
of 2 pet 


80 in.-lb to a maximum torque of 400 in.-lb and re- 


duced in five decrements to zero. Twist and torque twist vt 
were measured after each increment and decrement. | percent 
The modulus of rigidity was calculated from these! ment of 


data using the following equation [15, p. 364): the gage 
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32ML 


G (1) 
| Ord* 
rs 

G—modulus of rigidity, 

j =applied torque, 

L=gage length (axial distance between knife 
edges), 
| @=total angular twist in radians for the gage 


length, 
d=diameter of the reduced section. 


* The optical twist gages were removed after measure- 
ments with them were completed, and the electric 
stain gages placed in position. Data from these 
gages were used to calculate the modulus of rigidity 
| by the following equations [15, p. 55] for the same 
loading procedure as that with the optical twist gages: 





_* Ymax = €45 — €135 = 2€45 = — 2€ 135 (2) 
and 
y ‘ max T max ‘ 
G (3) 
/ max €45 ~€135/ 
_ where 
t €,;— principal tensile strain, 
—€);;—= principal compressive strain, 
(’=modulus of rigidity, 
Tmax Shear stress, 
Ymax—Shear strain. 
After the measurements for the determination of 


‘ the modulus of rigidity were completed, torque was 
applied, at the strain rate of 0.005 radian per minute, 
| in increments of 80 in.-lb, to failure. Torque and 
strain measurements were taken at each succeeding 
load increment until fracture occurred. 
The shear stress at fracture, 7,,,,, Was calculated 
from either [15, p. 264]: 
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or, for materials having nonlinear torque-twist rela- 
1) of] tions to rupture, from Nadai’s equation [13, p. 128] 
"AIDS, 
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where Ms torque at fracture. 

All fracture surfaces were examined for flaws using 
a binocular microscope. 

Some errors were introduced in the measurement 
of load and strain by the limited sensitivity and 
accuracy of the measuring devices. The measure- 
ment of the applied torque could have introduced 
an error of 0.5 percent in the modulus of rigidity and 
of 2 percent in the torsional strength. The optical 
twist gages could have introduced an error of 0.5 
percent in the modulus of rigidity due to the measure- 
ment of the span and an error of 0.2 percent due to 
the gage itself. 
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Bonded electric-resistance strain gages are subject 
to a thickness error when they are used for strain 
measurements in a torsion test. The gage wire used 
to measure strain at the outer surface of the speci- 
men is actually removed from the outer surface by 
a distance equal to the thickness of the paper on 
which the wire is mounted, the cement layer, and 
half the thickness of the wire. The average distance 
from midwire to specimen surface was determined 
by measuring the thickness of several gages before 
and after mounting on a specimen, and this distance 
was used in a correction for the strain readings. 
The variation in this distance was sometimes appre- 
ciable and the resulting error in strain may have been 
as large as one percent of the observed value. 

Each electric gage was placed as accurately as 
possible, and deviation from the proper alinement 
was undoubtedly small. The gage factor tolerance 
was 2 percent or less. The strain indicator could 
possibly introduce an error of 4 percent in the 
modulus-of-rigidity measurements. The calculated 
rms error for the torsional strength was 2 percent; 
for the modulus of rigidity determined by the modi- 
fied Tuckerman strain gage, it was 0.74 percent; and 
for the modulus of rigidity determined by the bonded 
electric-resistance strain gages, it was 4.6 percent. 


5.4. Results and Discussion 


The modulus of rigidity, determined by both the 
optical twist gages and the electric strain gages, and 
the strength in torsion are given in table 5. 

The coefficient of variation for the modulus of 
rigidity determined by the optical twist gages was 
low for all materials except cermet V. For all mate- 
rials, the coefficient of variation for the modulus of 
rigidity was higher when determined from electric- 
strain-gage data than when determined from optical- 
twist-gage data. 

TABLE 5. Average results from torsional tests of each of five 
cermets 


— ee — 


Modulus of rig- Torsional strength | Shear strain at rup- 


idity ture 
Cermet 4 i. : : gaits ca 
From op-| From Caleu- Calcu- 
tical electric | lated by | lated by Calcu- Meas- 
twist strain | equation! equa- lated > ured 
gages gages (4) tion (5) 
10° psi 10° psi psi psi Percent Percent | 
= 38. 0 36. 0 156, SOO 156, 800 0. 436 0. 435 
e (1.0) (2.9) (5. 0) (5. 0) (5.8) (5.1) | 
II 32.7 33.0 195, 100 180, 200 0. 547 0. 724 
1.3) (7.4) (6.9) (7. 5) (7.6) (7. 4) 
} 
Ill 22.9 22.8 1116,600 (4109, 400 4 0. 500 <0. 668 
(1.8) (8. 6) (15. 0) (14.7) (19. 1) (23. 2) 
I\ 17.0 18.5 e 43,500 | ¢ 43, 500 e 0. 243 e 0, 244 
1. 6) 7. 2) (3.8) (3.8) (5, 2) (6.5) | 
V 24.5 25. 4 23, 700 23, 700 0. 095 0. 093 
(10.7) (11. 0) 9.3) (9.3) (15. 4) (16,8) 





s Five specimens were tested for each cermet except cermet V for which there 

were four specimens 
Torsional strength 

ture. 

e Numbers in parentheses are coefficients of variation in percent [32]. 

i Defects noted on fracture surface of one specimen which broke at 95,600 psi, 
not included in the average, by eq (5). 

e Defects noted on fracture surface of one specimen which broke at 36,600 psi, 
not included in the average, by eq (5). 


<100/modulus of rigidity =calculated shear strain at rup- 








For some specimens the modulus of rigidity deter- 5.5. Evaluation of the Torsional Test ’ Joading 


mined by the electric strain gages did not agree well a "for the 
with the modulus of rigidity determined by the The essential requirements for the torsional test { tion 0! 


. 


optical twist gages. Although less precise, the elec- | 4re (1) specimens designed with adequate fillets and enlarge 
tric strain gages had advantages in that it was having accurate shaping, (2) accurate alinement of | given | 
possible to measure strain to rupture and to detect the specimen with a symmetric testing machine to # inthis 
bending from differences in measured strain. No | avoid bending, (3) the use of strain gages tO measure The 
appreciable differences indicating bending were the principal tensile and compressive surface strains specim. 
even in the strain readings among the four indi- | for the calculation of bending, modulus of rigidity, of thes 





Oo 
vidual electric strain gages, and the specimens were | #nd plasticity, and (4) the correction of strength for | Jaborat 
considered to be in a state of simple torsion. The | errors due to plasticity. section 
average electric-strain-gage readings were used in The torsional test gives reliable values of modulus Five 
the calculations. _ of rigidity and torsional strength of cermets. The g forms 1 
The coefficients of variation for strength were torsional strength is related to the tensile Strength cermet 
rather large, but this variation is common for brittle | discussed in a later section. , ) unable 
materials. The torsional strength calculated by the | three s' 
method of Nadai [13, p. 128] eq (5), was less for 6. Transverse Test obtaine 
cermets II and III than that calculated by the 
elementary eq (4). The necessity of correcting for 6.1. Specimens 
plastic deformation required the measurement of 
shear strain to rupture, Figure 11 shows the shapes, dimensions, and Figu 
Two specimens, one each of cermets III and IV, testing 
had pinholes slightly below the surface of the speci- _  eylindr 
men. These specimens had _ lower-than-average eer position 
values of torsional strength. All specimens, includ- Form |__ ne : pe ment : 
ing those that showed plastic flow, when ruptured Dirt] sBp|R{i|Lisi|o|x| File ° drecti 
exhibited the typical helical fracture of brittle | = — —j_———| i. evie 
materials caused by tensile stresses [15, p. 55]. e it~ fat Pat — Tat —~ Fg Bat — Be ge Be 607 0.250; ' to chat 
['vpical stress-strain curves in shear for each of 4-3 :150| 5212} 3450) 1300) 3.100) 2.033) 7.167) 1450! 1.3331 “so 
the five cermets are shown in figure 10. The shear O-1-.--| 2aoe) leon] eral ‘oeel Leo Seed card ved oa oe 
strains at rupture, both calculated by dividing the ws sed 
torsional strength by the modulus of rigidity, and 
measured, are given in table 5. The measured shear , —— ounul 
strains at rupture were obtained directly from the x 
shear stress-strain curves to rupture and included TOP view . 
the additional deformation due to plasticity. For | 
the materials that did not exhibit any plasticity, —/ t [> . 
the experimental shear strains at rupture were the i S| ' le aaa? 
same as the calculated shear strains. For the two | --*- ya Se ;*-¥ = a | 
“plastic”? materials, cermets IT and III, the experi- ' is ‘ I 
mental shear strains at rupture were about 24 percent FRONT VIEW ( 
greater than the ealeulated values. Figure ll. Dimensions and loading points for enlarged end ( 
transverse specimens having fifth-point loading. 
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loading points for five sizes of enlarged-end specimens 
for the transverse tests. Dimensions of fillets, loca- 
tion of the loading points, and thickness of the 
enlarged ends were calculated from information 
given by Duckworth [36] and from data determined 
inthis laboratory. 

The shape and dimensions of the prismatic, form-D 
specimens are given in figure 12. The cross section 
of these specimens was similar to that used at other 
laboratories [37], and was the same as the cross 
section of the A forms. 

Five specimens of each cermet in each of the six 
forms were obtained, with the exception of those for 
crmet V. The manufacturer of this cermet was 
umable to furnish the A38 and Cl forms, and only 
three specimens of each of the remaining forms were 
obtained. 


6.2. Apparatus 


Figure 13 shows the loading apparatus used in 
teting the specimens having enlarged ends. The 
evlindrical rollers that serve as knife edges are 
positioned by spring-held side plates. This arrange- 
ment allows for movement of the roller in the 
direction of the longitudinal axis of the specimen, 
rdieving either compressive or tensile stresses due 


Figure 13. Loading app f for enlarged-end specimens. 
Block A spaces the supports B and D, and beam G spaces the loaders E and F. 
Twist in the specimen C is compensated by rocker bases of D, E, and F, whos« 
center of curvature is at the centerline of the specimen Che load ipplied by the 
crosshead is transmitted throu i i divided equally by beam G, having a 
semicylindrical bearing (not visible midpoint Magnets K position the | 
parts to the testing machine, | 


Because of the different sizes of specimen forms 
that were tested on this apparatus, it was neces- 
sarily complex. A smaller version of this apparatus 
was used in testing the form-D specimens. 

A deflectometer similar in design to that described 
by Mong and Pendergast [38, p. 301] was used. 
When attached to the specimen, it made contact 
at the midpoint and at one end of the span on the 
centerline. At the other end of the span, there 
were two movable contacts located laterally from 
the centerline to give one of three lateral spans, 
The sensitivity of the deflectometer was 2 y in. 

Bonded wire-resistance electric strain gages (SR—-4) 
were used to measure surface strains. The gage 
lengths were selected according to the application 
and ranged from \ to 1 in, 


6.3. Procedure 


Specimens were loaded and unloaded in five or 
more increments to obtain a maximum stress of 
approximately 20 percent of the strength. The 
rate of stressing between increments was approxi- 
mately 60,000 psi per minute. At each increment, 
deflection and load were recorded, and the modulus 
of elasticity was calculated by the elementary beam 
formula [38, eq (7)]. The movable pair of contact 
points of the deflectometer were set to give the small- 
est lateral span. 

The procedure was repeated for each of the other 
two settings of the lateral span on the deflectometer 
for eight specimens. The differences in the resulting 
moduli of elasticity were compared to the calculated 
differences [38, eq (8)] for each specimen. 

After the deflection measurements were com- 
pleted, wire-resistance strain gages were attached to 
the specimens on the tensile and compressive sur- 
faces to determine axial and lateral strains, except 
for form D which had space for only one axial gage 
on the tensile side. The modulus of elasticity was 
calculated from longitudinal-strain measurements 
[38, eq (1) and (2)] obtained with the same loading 
procedure employed in the tests using the deflecto- 
meter. The strain-gage readings were corrected 
for lateral strain and thickness error as in the tor- 
sional test. 

When the tests for modulus of elasticity were 
completed, the specimens were loaded in increments 
similar to those for modulus of elasticity, to obtain 
stress-strain curves to rupture and the transverse 
strength. The strength was calculated by the ele- 
mentary beam formula, [38, eq. (1)] for cermets 
having linear stress-strain curves, but for those 
cermets having plasticity, indicated by nonlinear 
curves, Nadai’s formula [13, p. 164] was used. See- 
wald’s method, [16, p. 99], was used to calculate the 
strength of the form-D specimens for which con- 
centrated load was a factor. 

The rms error for the modulus of elasticity for the 
deflectometer was 3.3 percent and 5.5 percent for 
the wire-resistance gages. The error due to the 
apparatus in the determination of strength was 3.5 
percent. 
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6.4. Results and Discussion 


Table 6 gives the differences between moduli of 
elasticity of specimens of four cermets determined 
with three different lateral spans on the deflectom- 
eter. The calculated values, [38, eq. (8)] of anticlastic 
curvature were larger than the observed. The dis- 
agreement indicated that the anticlastic curvature 
at the end of the span was less than would be ex- 
yvected. This stiffening by the enlarged ends and 
fodder reaction was also indicated by wire-resistance 
strain gages placed laterally at the middle and at 
the ends of the axial span. Anticlastic curvature 
agreed with the calculated values only at the middle 
of the A2 and A3 forms as indicated by values of 
Poisson’s ratio, reported subsequently. 

Typical stress-strain curves for one specimen of 
each of the five brands of cermets are shown in 
figure 14. 

The moduli of elasticity of the cermet specimens 
from both the wire-resistance strain gages and the 
deflectometer are presented in table 7. The differ- 





TABLE 6. Differences in modulus of elasticity resulting from 
anticlastic curvature and different lateral spans of the deflecto- 
meter for specimens having form C1 


| 


Differences 


Small span Medium span Large span 


Increase small span 


Cermet * | 
| from zero 


Increase from small span Increase from 


| 
span, cal- | 
Observed 


culated > Cal- Observed Cal- 
| culated > culated > 
I 1.1 a2 0 14.4 10.3 | 
II 1.1 6.2 ot) 14.4 12.7 } 
Ill 1.1 6.2 i) 14.4 10.9 
IV 1.0 7 } 13.1 2.5 | 


® Results are averages for two form Cl specimens of each cermet 


+b These values were calculated according to [3S 
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FIGURE 14. Typical stress-strain curves for one specimen 


having form Al of each of five cermets. 


ences between the moduli of elasticity determined 
by the deflectometer and surface-strain methods 
were usually insignificant. The coefficients of varia- 
tion for the moduli of elasticity obtained from 
surface-strain and deflection measurements were 
practically the same for all lots of specimens. 


An analysis of the surface-strain data indicated | 


that 48 percent of all specimens had a higher strain 
on the tensile side of the specimen, 48 percent had 
higher strain on the compressive side, and 4 percent 
had the same strain on both sides. The differences 
were generally within the error of the gages. The 
equality of tensile and compressive moduli of elas. 
ticity, for transverse specimens in tests where axial 
restraint of the knife edges was canceled, has been 
discussed by Duckworth [3]. The strains on the 
tensile and compressive sides frequently diverged 
after the elastic limit was exceeded. 

Average moduli of rupture for the six forms of the 
cermets are given in table 8. The value of this 
tensile stress of the outer fibres, which grades to zero 
at the neutral axis, was less by 4 to 22 percent when 
calculated by the method of Nadai for cermets IL, 


for five cermets calculated from surface-strain and deflection 


drie nts 


Cermet V > 





Cermet I * Cermet II * Cermet III + Cermet IV * 
Specimen 
form Surface strain Surfa iin Surface strain Surface strain Surface strain 
Defles Deflec Deflee- Deflec Deflec- 
tion tior tion tion tion ° 
I Ce I ( I ( I Cc ra ( | 
| 
10° psi | 108 10° psi 10 psi | 108 106 psi | 10 106 psi | 108 psi 08 p 108 psi «108 psi | 108 psi | 108 psi 
Al 2.3 91.1 95.9 79.9 77.9 3.4 52.1 52 51.6 34.1 4.8 37.1 60.4 60.4 64.6 
‘(0.7 1.f : 1.9 ! 7 Lf 2 6 (2.9 19.6 (20.7 17.2 (2.4 (2.8 3. 7) 
A? 3.1 93. 5 1.2 83.3 R33. S] s s 4.4 12.8 242.2 13.6 63. 2 63.2 (4.1 
o.8 1.0 9 Oo.8 1 ) os 1.1 of 3.1 (1.¢ (2.8 (0.7 
AS 1.1 1.1 1.2 S1¢ SI] ~ 6 0 “4.4 41.0 1). 7 11.6 
0 (1. 2) 1.2 ae LY 3 1.5 Ls 1.4 (11.4 12.4 (12.7 
Bl 41 93. 7 94.7 SI S16 SZ. 1 ri 2 4 12.0) 42. ¢ 12.7 1.8 ¢ 3.7 
bel if 14 o.4 0.4 1.1 2 1 =! (3.3 10.9 (a (12.3 (6.1 { 6.58 
Cl WZ. 2 92.7 4.4 SO). 7 SO. 4 S1.1 7 $8 4.9 12.1 12.3 14.4 
1.4 1.4 2.3 0.4 0.4 2.2 1.4 1 3.4 1.0 1.2 2.9 
l) wt ws 78. 8 7u rT ‘4.9 2 4] 10.3 Ss 
0.9 “o.9 lf s ‘ 1. ¢ 3. 5 ; 2.6 | 
* Except where noted five specimens were tested 
Average for three specimens except for form A3 and Cl which we iot furnished 
Calculated from deflection measurements [38 
1 Calculated from strain measurements on the tensile side of the specimen [38 
* Calculated from strain measurements on the compressive side of the specimen [38] 
f Numbers in parentheses are coetlicients of variation in percent 
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TABLE 8. Average modul 





Cermet I 4 Cermet II * or 


Specimen form 


A-—B 
A A Ba A A 
81 pst pst ‘ psi 
Al = 198, 000 304, 000 293, 000 3.8 162, 000 
«(11.3 (8.9 (8. 4) (12. 3) 
A2 208, 000 28? O00 271, 000 4.1 131, 000 
(9.0 (6.5 (6.6 (36. 0) 
A3 183, 000 286, 000 275, 000 3.8 179, 000 
(11.5 (4.6 (4.3 (3. 9) 
Bl 208, 000 226, 000 217, 000 3.9 156, 000 
(5.5 (6, 2 (6. 5) (12. 7) 
Cl 183, 000 230, 000 218, 000 5.0 145, 000 
(10.5 (10.8 (10.0) (11 S) 
D 223, 000 318, 000 1 297, 000 6.5 1 173, 000 
(5.9 (3.5 (2. 7) (5.3 


* Except where noted, five specimens were tested 

Average for three specimens except for forms A3 and Cl which were not furn 

Calculated by the elementary beam theory [38]. 

i Calculated by the method of Nadai for specimens having equal tensile and ¢ 
e Calculated by the method of Nadai for specimens having unequal tensile anc 
f Based on the tensile value 
« Numbers in parentheses are coeflicients of variation in percent 

Average for two specimens 
i Calculated by the method of Seewald for concentrated loads [16, p. 99] 





i of rupture for five cermets 
‘rmet III *® Cermet IV ® Cermet V > 
Be 
A-B ~ __|A=—B? 
B d . A A e A . A ° 
Tensile Compres- 
sion 
psi % psi psi psi Q% psi 
154, 000 5.1 32, 500 26, 100 32,200 | 20.5 27, 800 
(12. 3) (12. 6) (24. 5) (17. 7) (7. 6) 
22, 000 4.8 h 43, 100 b 35, 900 b 46, 100 616.4 31, 800 
(33. 1) (11. 3) 
| 
171, 000 4.5 39, 700 38, 100 40, 500 RS | asoucuns 
(5. 1) (11.8) (11.0) (10. 1) 
149, 000 4.7 32, 300 30, 000 33, 100 7.8 24, 900 | 
(13. 3) (5. 3) (17.0) (2. 7) (12.9) | 
137, 000 5.2 35, 600 27, 200 37, 300 § 
(12. 0) (11.0) (10. 3) 22.0) 
i 162, 000 6.5 i 40, 800 St: E-- 4.2 i 32, 500 
(7. 4) (12. 0) (11.8) | (5.5) | 
a a = cs : os _ pai es 
ished. 


ompressive strains [13, p. 164]. 
i compressive strains [13, p. 164]. 


i Calculated using the method of Seewald and the method of Nadai based on strains for tensile surface only. 


II, and IV which had plastic flow. This correction 


* was not required for cermets Ll and V which had little 


plastic flow, as shown by figure 14. 

The correction for concentrated loads was ap- 
poximately 1.0 percent for the form-D specimens. 
Although this correction is small, it may be con- 
sderable for other specimen designs [38, p. 301). 
The enlarged-end specimens were designed to 


‘ diminate this correction. 


The deviations from a suggested curve [22] repre- 
enting the dependence of strength on the size of 
gecimen were quite large. Significant differences of 
the average values of different forms due to differ- 
aces in size were found for cermets II and TV only. 
The smallest specimens of each cermet, however, had 
ahigher strength than that of the largest specimens. | 
The rate of change of strength with size is presumed | 
diferent for different materials [22], and may not be | 
evident unless there is a many fold change in size. 

The coefficients of variation for modulus of rup- 
ture were quite variable with values comparable to 
those obtained in the three preceding tests. The 
coefficients for strength were considerably larger 
than for modulus of elasticity and had no correlation 
with specimen size [22]. 

The specimens broke with irregular fractures, sim- 
ilar to those for the tensile specimens, in the tensile 
half. For cermets IV and V, this fracture con- 
tinued at right angles to the span direction in the 
compressive half, but for cermets I, II], and III the 
fractured surface curved in the compressive half to 
an angle of about 45° to the span direction at the 
compressive surface. Single fractures were common 
for specimens of cermets LV and V and for all form-D 
specimens. Multiple breaks, as many as five, were 
prevalent for enlarged-end specimens of cermets I, 
I, and II]. The phenomena of multiple breaks has 
been studied by Miklowitz [4, b]. 


The average calculated and measured extensibili- 
ties of the cermets are given in table 9. The exten- 
sibilities paralleled strength in that they were char- 
acteristic to each cermet, had similar coefficients of 
variation, and had a similar dependence on specimen 
size. 


6.5. Evaluation of the Transverse Test 


The essential requirements for a satisfactory 
transverse test for cermets are (1) accurately shaped 
specimens having large length-to-depth and length- 
to-width ratios, (2) measurement of strains by deflec- 
tion or preferably by surface-strain gages, (3) the 
relief of axial stresses due to change in span length 
during loading by means of roller knife-edges, (4) the 
correction of strength for effects of plasticity and 
concentrated loads when required, (5) the restriction 
of the test to small deflections where the mathemati- 
cal assumptions are not exceeded. 

The transverse test gives satisfactory values of 
modulus of elasticity and estimates of Poisson’s 
ratio for cermets. Tensile strength and extensibility 
may be obtained provided creep is small and neces- 
sary corrections for the effects of plasticity and con- 
centrated loads are made. Special shapes of speci- 
mens are not appreciably superior to the simple 
prismatic specimen having sufficient size to accom- 
modate strain gages. 


7. Impact Test 


7.1. Specimens 


The specimens were made in accordance with 
ASTM Designation (E23-47T) [23]. They were 
rectangular parallelepipeds 10 mm square by 55 mm 


| long. Five notched and five unnotched specimens 
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TABLE 9. 





Comparison of the averaae calculated and measured extensibilities from transverse tests on five cer 


tests 21 
: proof t¢ 


mets 


Cermet I * Cermet II * Cermet III + Cermet IV * Cermet V > | tests, a 
Specimen form , res : have b 
Caleu- Meas- Differ- | Caleu- Meas Ditter Caleu- Meas- Ditfer Caleu- Meas Differ- Caleu- Meas- | Differ- 2id rab! 
lated ¢ ured ¢ ence lated ured 4 ence lated ured 4 ence lated ured 4 ence lated ured 4 ence SI ( — 
. . - . — signifies 
ry’ 
Percent Percent Percent Percent Percent Percent Percent Percent Percent Percent Percent Percent Percent Percent Percent The ¢ 
17 2 5 386 0. 42 r 0). 353 2.2 0. 095 0. 136 30.1 0. 04 ) 7 ‘ ) 
Al 0. 21 0 ~-- 0 0. 38e ) - 8.9 0.310 a , l - . ‘ ) ( ‘ : A 21 because 
A2 0). 223 0). 227 1.8 0. 339 0. 377 10.1 0. 235 0. 303 22.4 0. 102 0.121 15.7 0.051 0. 053 3.8 materia 
10.0 7.1 33.6 4.0 ' 
A3 0. 201 0 228 11.8 0. 351 0. 388 9.5 0. 324 0. 3&8 16 0.095 0.115 17.4 how V 
(94 6.2 (3.7 (16.8 . ' 
Bl 0. 221 0. 226 2.2 0. 277 0. 305 2 0. 282 0. 327 13.7 0.077 0. O87 11.5 0. 048 0. 048 0.0 fatigue 
2 (6.7 (20.4 (18.5 (12.2 arcurat 
Cl 0. 194 0. 2we2 10 0. 286 0. 310 7.7 0. 270 0. 310 12.9 0. 085 0. 104 18.3 ; made Ss 
(11.2 (11.9 (11.9 (24.1 test res 
Db 0 248 0. 260 1{ 0. 404 0. 481 16.0 0.315 0. 390 19.2 0. OOS 0. 109 10.1 0. 065 0. O68 44 tested 2 
(6. 1 4.65 6.1 32.5 29 


* Except where noted, five specimens were tested. 


b Average for three specimens except for A3 and C1 forms which were not furnished. 


¢ Extensibility 
surface strain. 

1 From stress-strain curves similar to those shown on figure 14. 

¢ Numbers in parentheses are coefficients of variations in percent. 

f Average for two specimens 


were obtained for each cermet. The notch had a 
depth of 2 mm, an angle of 45°, and a fillet radius of 
0.25 mm. 


7.2. Apparatus and Procedure 


A Baldwin-Bell Telephone Laboratory pendulum 
impact machine was used. It was fitted for Charpy 
tests and had acapacity of 0 to 2 ft-lb, extended to 16 
ft-lb by using heavier hammers. The velocity at 
impact was 11 fps. The impact tester was designed 
according to specifications outlined in ASTM 
Method D256-47T (for plastic materials) [24]. The 
anvils and striking edge were modified to fit the 
smaller specimens tested in this work, and these 
modifications met the conditions set forth in ASTM 
K23-47T (for metallic materials) [23]. The ap- 
paratus was mounted on a firm base. 

The standard procedure recommended by ASTM 
(E23-47T) [23] was used. The friction and windage 
correction was determined and applied. 

By reading the scale to the nearest half division 
(0.005 ft-lb) a maximum error of 4.2 percent occurred 
for the notched specimens made from cermet V. 
Specimen dimensions were within the preseribed 
tolerances, and errors due to difference in size were 
considered to be negligible. 


mens 
unnotched specimens. 


7.3. Results and Discussion 


The impact values are given in table 10. The 
results of tests on the unnotched specimens indicated 
a wide range of impact values for the five cermets. 

The notched specimens ranked the cermets in the 
same order as the unnotched specimens, but the 
values obtained were much lower. The impact 
values of the cermets I, IH, and III were reduced 
about 90 percent while the impact values of cermet 
IV and cermet V were reduced about 72 percent. 
These results point out the notch sensitivity of cer- 
mets. Quackenbos [29] noted a similar reduction 
of the impact values of some organic plastics. 
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The coefficient of variation for impact value of 
the unnotched specimens of each of the cermets was | 
over 10 percent, and was generally larger than that 
for strength from the tensile, compressive, torsional, 
and transverse tests. 


TABLE 10. 

Cermet 
i 
Ww 

I 

II 

Ill 

I\ 

\ 


® Five specimens 10mm 


b Five standard Charpy 


With the exception of cermet T, 
lower coefficients of 
It should be noted that the 
limited sensitivity of the impact tester masked the 
variation in cermets IV and V. 
It is well known that the impact value is much less 
than the stored energy in an identical static simple 
beam just before fracture. 
stress concentrations In the impact specimens are 
very large, and consequently only a small portion of 
the specimen has stresses approaching failure. 
large coefficients of variation would be expected 
because, according to the flaw theory, the variability 
increases as the size decreases [22]. 
In any impact test, there are many variables, of 
which some are maintained constant. 


had 


100e// in percent, where o is the average modulus ofrupture by the elementary beam formula and E is the 


Impact values for ce 
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eight ¢ 
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predict 
Impact Hammer Impact 
value weight value 8 C 
fr}, y {rth 
6. 30 2 0. 59 
i 13 ; 25 { 
. 23 2 0. 95 
20. 34 Q 
ry? ] 
1.33 l 0. 48 l'a | 
10. 16 2.1 the test 
0. 57 1 0.16 The 
14.1 ' l 
0. 44 1 0.12 j TABI 
11.4 nil 
55mm (ASTM E23-47T) standard Charpy 


nens (ASTM E23-47T). 
¢ The linear velocity of the hammer was 11 fps. 
4 Numbers in parentheses 
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variath 


variatic 


yn in percent, 


all notehed speci- 


[t is also recognized that 


r 


| Cermet 


mn than the | 


The 


¢ Cale 
! Figu 
e Speci 
! For f 
«Fort 


The various 4 wt. 








- of 
Was 
hat 
nal, 


irpy 


1] 
the 
the 
the 


Css 
ple 
Vat 
ure 

of 
‘he 
Led 
ity 


of 


us 


tests are classified by Sayre and Werring as (1) 
proof tests, (2) increment drop tests, (3) single blow 
tests, and (4) pendulum tests. The methods of test 
lave been discussed [25, 26, 29], and there is con- 
siderable disagreement as to the measurement and 
: gnificance of the impact resistance of a material. 

The Charpy test was selected for this investigation 
beeause (1) it is a standard ASTM test for metallic 
materials [23], (2) the specimen is broken in a single 
bhiow without introducing plasticity, creep, and 
fstigue as factors, (3) the impact hammer strikes 
acurately at the desired location, (4) the test is 
made simply and quickly, (5) when properly made, 
test results are reproducible [28], (6) the specimen is 
tested as a simple beam and the error due to gripping 
is eliminated, and (7) both unnotched and notched 
| specimens can be tesied satisfactorily. 


. 


7.4. Evaluation of the Impact Test 


The requirements of a satisfactory impact test are 
1) accurately shaped specimens with a suitable 
fnish, either notched or unnotched, (2) a well con- 
structed Charpy tester, and (3) an adequate number 
of specimens to give the desired confidence limit. 

Cermets are satisfactorily classified by the Charpy 
. inpact test according to impact resistance and notch 
sensitivity. Impact values are not satisfactorily 
correlated with other properties of the material, and 
the values for other sizes of specimens cannot be 
predicted, 


| 


8. Correlation of Mechanical Properties 
8.1. Elastic Properties 


Table 11 gives the average elastic properties for 
the tests listed. 








of cermets obtained from tensile, 


{ TABLE 11. A erage values of elastic prope 11€8 
Modulus of elasticity 
Cermet rransverse test 
Pensile Compres- 
test sive test 
| Form Bl Min Avg Max ® 
| iT psi 10°79 l i 10° psi 10° pst 10° psi 
I 20.9 o1.3 “M17 OO. 3 ¥3. 0 95.9 
0.9 3.4 1.4 (O.9 1.7 3.9 
j II 78. ¢ 78.8 82. 1 79 81.2 83.4 
0.4 0.9 1.1 os 1.3 (1.7 
Ill 1 0.9 { $Y 54.1 5. 4 
1 1 1.4 0 3. (2.0 $.3 
I\ 43.1 41.4 42.7 37.1 41.8 14.4 
14 23 >. 8.4 ( y 
\ 14 7 ‘ws f58.0 {64.6 
11.9 8 2.6 3.7 (3 


* For 
For five 
¢ Cal 


Six forms Of transverse specimens 
forms of transverse specimens 

ulated from F/2¢=1+ using data from the tensile test. 
Figures in parentheses are coefficients of variation in percent. 
Specimens were not furnished for this material. 

For four forms of transverse specimens 

For three forms of transverse mens 

Data from average of transv¢ 


( s 
| 173722 


} 


II, and III agreed within approximately 10 percen 
regardless of the method of test. As previously 
shown, the tensile and compressive moduli for a 
single cermet were equal within experimental error, 
and the modulus did not depend on specimen size 
for th series of transverse specimens. The average 
moduli of elasticity determined by the different 
tests varied as much as 17 percent for cermet IV 
which had the largest coefficients of variation. 
The variation of the average moduli determined by 
the different tests for cermet V was even larger, 
being 37 percent. 

The compressive moduli of specimens cut from 
form B1 transverse specimens were lower than the 
transverse moduli for this form. These consistently 
lower values indicated that the material in the ends 
of the Bl specimens may have been different from 
that in the thinner midportion, or there may have 
been systematic errors in the test methods. The 
differences were within the experimental error except 
for cermet V. 

The correlation of the elastic properties obtained 
in tension and also in shear, expressed by the eq 
[15, p. 57], 

E=2G(1+n) (6) 
is illustrated by the agreement of the modulus of 
rigidity calculated from the tensile data and that 
obtained from the torsion test, table 11. This agree- 
ment and similarity of the transverse and compressive 
moduli of elasticity, for specimens having axes at 
90°, indicate that these materials, with the possible 
exception of cermet V, are isotropic. 


8.2. Evaluation of the Stresses and Strains in the 
Cermet Specimen at Fracture 


a. Stress and Strain Analyses 


(1) Tensile Specimens. In the tensile test, the 


The average moduli of elasticity of cermets I, | axial strain, e, and lateral strain, ¢, were measured 


compre ssive, transverse, and-torsional tests 





Poisson’s ratio Modulus of rigidity 


Transverse test > 


Tensile Compres- ome ee Torsion Caleu- 
test sive test test lated ¢ 
Min Max 
10° psi 10% psi | 
0. 21 0. 22 0.14 0. 23 36.0 37.1 
(2.3 (Nil (14. 5) (1. 3) (2. 9) 
| 
0. 23 0. 23 0.16 0. 24 33.0 32.0 | 
(Nil (4.4 (1.3 (2.5 (7. 4) 
0. 22 0. 24 0.15 0. 23 22.8 22.6 
(Nil (2.0 (1.9 (2.6 (8. 6) 
0. 22 0. 23 0.14 0. 22 18.5 17.7 
(Nil (5. 2 (2.1 (7. 2) 
0.17 £0.11 «(0.14 25.4 b 25. 
(3.5 (5.7 (2. 8) (11.0) 


rse specimens were used because tensile specimens were not furnished. 
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and the relation expressed as 
€; Me, ( 


where n= Poisson’s ratio. 
The axial stress corresponding to € is 


> 
o ve P (S) 
A 
where 
E=Young’s modulus of elasticity, 
P=total load, 
A=area of cross section of specimen, 


e=extensibility when o=strength. 
The maximum shear stress is for uniaxial loading 
[39, p. 15], 


oO P 
Tmax (9) 
and the maximum shear strain 
Ymax e(1-+ Mt). (10) 


(2) Compressive Specimens. In the compressive 
tests, the applied load was axial, and the axial strains, 
e, and lateral strains, ¢,, were measured. Equations 
(7), (8), (9), and (10), modified for stress direction, 
apply. In accordance with Nadai [11, p. 208] 

“equivalent stress’ =F ¢,=—-yuke uo, (11) 
where “equivalent stress’’, in the sense of the maxi- 
mum strain hypothesis of failure, is the value of ¢ 
when ¢, is substituted for ¢« in eq (8) and ¢ and o are 
the values at fracture in the compressive tests, and 
are, of course, negative. 

(3) Torston Specimens. In the torsional test, 
compressive and tensile principal strains were re- 
corded to failure in addition to shear strains within 
the elastic limit. The maximum shear was 
obtained from the applied torque. The maximum 
induced tensile and compressive strains were equal; 
therefore, eq (2) and (3) apply. 


stress 


Also, [39, p. 15]: 


O45 ~ 0135+ (12) 


Tmax 


Since, for the tensile test, the maximum tensile strain 
from eq (8) is: 


oO 
e=—; 
ID 
and for the torsional test, the corresponding 


maximum tensile strain [11, p. 208] or [39, p. 15], is: 





(4) Transverse Specimens. The stress analysis of 
the tensile half of the transverse specimen resembles 
the analysis for the tensile specimen, except that the 
stress grades from zero at the neutral axis to 4 
maximum at the outer tensile fibres. Similar also to 
the tensile specimen, the lateral and shear stresses 
are of minor significance. The compressive half 
of the transverse specimens resembles the compres. 
Sive specimen except that the maximum stress ean 
exceed the tensile stress on the tensile side by only 
small amounts which are due to plasticity and eon. 
centrated loads, and the induced lateral tensile 
strain and shear stress are also limited. The maxi- 
mum shear due to loads and reactions on transverse 
specimens is too small, even for spans of %¢ in., used 
in some tests, where this stress is approximately 13 
percent of the tensile, to be a source of failure. ~ 


b. Stress-Strain Relation and Fracture of Cermets 


The stress-strain curves to rupture previously re- 
ported indicated that the stress-strain relation was 
linear for specimens of cermets I and V in all tests 
except for cermet I in compression. The relation 
for cermet LV also was linear in the torsional and 
compressive tests. In the remaining tests, curvature 
of the stress-strain lines was apparent. Porous ma- 
terials or those with inclusions of a relatively soft or 
weak substance having stress-strain curves of a sim- 
ilar shape were discussed by Nadai [11, p. 26] under 
the heading of hysteresis and after effects. Such 
materials fractured at strains low in comparison to 
those attained by ductile materials [11, p. 3] and, in 
these respects, resembled the cermets. 

The calculation by eq (1) to (13) of stresses and 
strains present in specimens as the strength is ap- 
proached depends on the assumption that the mate- 
rial remains elastic until failure. 

The fracture surfaces of the tensile, transverse, and 
torsional specimens indicated that failure of the spec- 
imens as a whole occurred in tensile fracture. The 
compressive specimens broke into fragments from 
which the mode of failure could not be determined. 
According to Nadai [11, p. 182] the actual mechanism 
of failure, however, may be quite different from that 
apparent from the fracture surface of the specimen. 

Several criteria for failure have been proposed, 
such as a limiting maximum principal stress, a limit- 
ing maXimum strain, various energy considerations, 
ete. [11, p. 175]. The eriteria for failure given in 
most theories have been advanced to explain the 
performance of ductile materials as well as of brittle 
materials having bi- or triaxial loading. For the 
cermets reported here, and also for many brittle 
materials, the criteria usually considered are a lim- 
iting tensile stress, a limiting maximum shear stress, 
and a limiting maximum elastic tensile strain (theory 
of the so-called equivalent stress, St. Venant) [11, p. 
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) TABLE 12. Equal values of maximum stress or maximum 
strain for d [he re nt criteria of fracture in the le nsile . trans- 
) verse, compressive, and torsional tests 
Criterion of fracture 
Max tensile stress | Max tensile strain | Max shear stress or 
Test or equivalent stress) max shear strain 
Equal Equal Equal Equal | Equal Equal 
stress Strain stress strain | stress Strain 
ot ' 
Tensile ot € or € ~ €:(1+) 
Cm . 
Transverse Ctr €r or €tr - é€er(1+u 
j 
Compressive. be uo —pe : 1+ ,) 
Torsional. ou, es(1 oys(1+y €45 O45 Je 
Ymax(l+p Ymax 
Tmax * Tmax(1+p = Tmax Ymax 
ssymbols defined in eq (1) to (13), subscripts ¢, tr, and c refer to tensile, trans- 
vere and compressive tests respectively For a particular criterion, the values 
fal of the quantities in a given column should be equal 
| four tests when a particular criterion of fracture 
prevails. An interpretation of the significance of 


‘astrength from a given test requires some knowledge 
of the criterion of fracture. In the torsional test, 
*for example, it might be expected that the shear 
strength would be obtained, but the torsional 
strength may be simply the shear stress at fracture as 
| limited by the attainment of a maximum value 
according to one of the other criteria of fracture 
rgiren in table 12. If the criteria of fracture can be 
determined, then the strength from the torsional test 
‘ean be correlated with the corresponding shear 
strength, tensile strength, or “equivalent” strength. 
In a similar manner, the compressive stress present 
in the compressive test at fracture may be a function 
of either the shear strength or tensile strength. 
Considering the maximum tensile stress and the 


maximum tensile strain criteria, the prevailing 
eriterion is not evident from the values from the 


tensile, compressive, and transverse tests because the 
principal stress relations are similar. These rela- 
tions are different, however, in the torsional test. A 
comparison of the experimental values of stress and 
strain from the torsional test to those from the other 
tests make possible a distinction between these two 
criteria of fracture. For example, the — tensile 
strength, from the tensile test, is equal to o if the 
maximum tensile stress is the criterion, but is equal 
to oy(1-+-u) if the maximum tensile strain criterion is 
effective. If the maximum shear criteria are appli- 
cable, then the strength from the tensile test is equal 
to2 o,; from the torsional test. 

The brittle materials have shear strengths that 
are larger than their tensile strengths, as suggested 
by Preston [41]. The shear in the tensile 
specimen, although less than o, is appreciable and 
may be the source of failure as it is for some ductile 
materials, but tensile fracture would be expected for 
cermets. 

In the compressive test, the compressive stress, a, 
{ is comparatively large, and exceeding either the in- 


stress 





| 


duced lateral strain [11, p. 208] or the shear strength 
[42] may be the cauae “of failure. This analysis 
assumes uniform stressing in the specimen. Even 
when bending is absent, the friction at the ends of 
the specimen restrains the lateral strain [8]. Thus 
the stress distribution at the ends is not simple and 
can be a determining factor in the compressive test. 

The maximum shear stress recorded as the tor- 
sional strength should indicate a tensile strength for 
brittle materials according to Preston [41]. This 
explanation is also mentioned by Kingery [42], who 
reported that the tensile strength is obtained from 
the torsional test on brittle materials. 


8.3. Comparison of Data for Cermets 


a. Data from Tests 

Table 13 gives average values of the measured 
stresses and strains present in specimens at the 
moment of failure, and also those calculated by 
formulas (1) to (13). Table 14 lists the percentage 
differences between values of pairs of stresses or 
strains, that are significant in the behavior of the 
cermets and in the evaluation of the tests. 

The manufacturer of cermet IV reported improve- 
ments in the product during the time interval that 
specimens were procured in the order transverse- 
tensile-torsional. The strengths given in table 13 
indicate the improvement, but no correlations of 
results from these three lots of specimens were made 
because the materials were admittedly different. 


b. Comparison of Measured and Calculated Extensibilities 


The differences, in percent, of the average measured 
extensibilities for the tensile, transverse, and tor- 
sional tests from the calculated values, assuming 
elastic behavior, are given in table 14, line A. The 
differences indicated that the stress-strain lines were 
linear for cermets I and V, but the measured extensi- 
bilities were appreciably larger for cermets II, III, 


and LV 


c. Dependence of Strength on the Size of the Specimen 


The form-D transverse specimens had only about 
six percent of the volume of the form-C1 specimens, 
and the smaller specimens were stronger by from 
18.2 to 43.7 percent, as given in line B, table 14. 
The results indicated that the rate of change in 
strength with the change in size was different for 
the five cermets, and that their “material constants” 
[22], that govern the variation of strength with size, 
were probably different. 

Because the strengths of tensile, compressive, 
torsional, and transverse specimens may decrease 
as the size of the specimen is increased [22], the 
comparison of strengths would preferably be made 
on specimens having the same, or nearly the same, 
size. As indicated for transverse specimens, the 
dependence is approximate only, and a many-fold 
change in size may be required to produce a signifi- 
cant change in strength. The strengths for cermets 
[ and III, from table 13, are higher than those given 
by Johnson [43], who used considerably larger 
specimens. For the tensile and compressive tests, 
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'in lines E, F, and J refer to specimens that had 
tensile fractures and to the torsional and tensile tests 
‘ with their distinct principal stress patterns. These 
+; comparisons, with the exception of the value for 
cermet II, line E, indicated that the application of 
-the maximum elastic tensile strain criterion gave 
values that agreed within 11.2 percent. The lateral 
strains and “equivalent” stresses calculated from the 
data from the compressive test according to the 
maximum tensile strain criterion, lines G, and K, 
however, were much less than the corresponding 
extensibilities and transverse strengths for cermets 
LU, 111, and IV. These differences suggested that 
+ sme other criterion of fracture, such as a limiting 


ets 


pressive test before the lateral strain exceeded the 


7 extensibility. On the other hand, cermet V was 
: exceptional in that it probably fractured according 
tothe maximum strain criterion in the compressive 
ntity, tet, but the lateral strain and “equivalent” stress | 
re 4 were higher than expected. 
ensie ) The particularly close agreement of transverse 
‘spe | and tensile results, for specimens of comparable size, 
test, | Jines C, D, and H, was expected because the stress 
ens patterns were similar. This agreement confirmed, 
‘but did not prove, the applicability of either the 
mXximum tensile strain or the maximum tensile 
the ” stress criteria. The latter criterion seemed less 
The applicable in the comparison of the torsional to the 
ave | tensile test, in which the stress patterns were differ- 
as | eit, because the tensile stress in the torsional test 
be Was definitely less than in the tensile test, line I. 
lure Although the maximum tensile strain criterion over- 
ion | cmpensated these stress differences, line J, this 
age enterion gave the better agreement, 
sled The widely different values of shear stress at 
ine | facture in the various tests, table 13 and table 14, 
iter , ines L and M, led to the conclusion that a common 
ine | @aXimum shear stress was not a criterion for cor- 
this rdating strength in the four tests. rhe largest 
in values of shear stress were obtained, for each of the 
ere { five cermets, in the compressive test. The maxi- 
ons | mum shear strains were also largest in the compres- 
j sive test, and ranged from 3.03 to 9.9 times the 
| extensibilities from the transverse test. 
walk No single criterion for failure was evident for the 
compressive test. In this test, cermet V may have 
failed as predicted by the maximum strain theory. 
, ) According to Kingery [42], brittle materials fail in 
— | shear in the compressive test. The extensive de- 
formation of compressive specimens at a stress just 
| below the strength is suggestive of failure in shear. 
That a maximum shear stress or a maximum shear 
strain is a second criterion of failure cannot be proved 
or contradicted from the data because sufficiently | 
ll large shear stresses were not developed in the other | 
‘that | tests. Although tests to develop the shear stress 
um to these high levels may vet be devised, especially 
toevaluate such a shear strength, it seems common 
. | practice to accept the maximum shear stress as a 
us criterion and the shear stress in the compressive 
sile | test as the approximate shear strength [42]. The 
‘error in this assumption may not be serious for 
MS (design purposes, because of the similarity in stress 


| 


} maximum shear stress, was effective in the com- | 


patterns for the compressive specimen and for 
parts such as cutting tools, punches, and stubby 
beams. 
e. Brittleness 

The brittle materials, including cermets, glass, 
ceramics, etc., are characterized by a texture or 
structure in which resistance to shearing is well 
developed, but the tensile strength, or cohesion, is 
limited by the presence of zones or planes of weak- 
The degree of brittleness for these cermets 
may be expressed as the inverse of extensibility. 
Preston’s requirement that, for a substance to be 
classified as being brittle, failure occur in tension 
when the specimen is tested in shear [41] provokes 
the suggestion that the ratio of tmax/¢ could be an 
index of brittleness. Because Tmax is usually derived 
from compressive tests, it follows that the ratio of 
compressive to tensile strengths should also be an 
index. Table 13 gives the values for tmax/o and 
there is some correlation since a plot of tmax/o and 
extensibility gives a fairly smooth curve. The 
value of this ratio seems to be a characteristic of 
the cermet. 


ness. 


8.4. Correlation of Impact Values and Mechanical 
Properties 


Figure 15 gives plots of impact values with three 
factors derived from mechanical properties. 


28 «100 ' ' ' ' qrneemagoeeneargee 
oe 
24 


22 


20 


FACTOR 





o 








———— SS ee ee 


= 4 4. A. d. i i 
e) | 2 3 a 5 6 7 8 cS) io ow 
IMPACT VALUE, ft Ib 





Ficure 15. Impact values plotted with factors computed from 
mechanical properties. 

Energy numbers are plotted with impact values of unnotched specimens on 
line A and notched specimens on line B; moduli of resiliency and impact values 
for unnotched on C; and the product of compressive strength and tensile exten- 
sibility with impact value, unnotched on D; and with impact value, notched on 
line E. 
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The modulus of resiliency [15, p. 282] is given by 


oy (14) 


where o, is the vield stress. This modulus gives a 
measure of the energy absorbed elastically by the 
impact specimen. The correlation of this factor 
with impact value was unsatisfactory, line C, figure 
15. 

The energy number [30] is given by 


(15) 


where o is the tensile strength from form-D speci- 
mens. This number gives a considerably better 
correlation with impact values, lines A and B. 

Concentrated compressive well 
tensile properties are involved in impact tests. It 
would seem that a factor derived from results from 
both tensile and compressive tests would give a 
better correlation; such a factor is 


F; 


stresses as as 


~G€ (16) 
where o is the compressive strength and ¢ is the cal- 
culated extensibility from the form-D specimens. 
This factor gives the best correlation with impact 
value, lines D and E. None of these correlations is 
satisfactory for predicting the impact value from the 
mechanical properties. 


9. Summary 


Tensile, compressive, torsional, transverse, and 
impact tests were made on specimens of cermets 
having five distinct compositions. The tests were 
evaluated according to the design requirements of the 
specimens and apparatus, refinements in test pro- 
cedure, suitability to the cermets, and the variability 
of the results. The tensile, compressive, and trans- 
verse tests gave comparable moduli of elasticity and 
Poisson’s ratios, and the modulus of rigidity caleu- 
lated from these values agreed with the modulus of 
rigidity from the torsional test. The stresses and 
strains present at fracture in the tensile, compressive, 
torsional, and transverse tests on specimens of com- 
parable sizes indicated that these brittle materials 
broke either at a limiting tensile strain or at a 
limiting shear stress. Brittleness was expressed as 
the ratio of shear to tensile strength and was related 
to maximum tensile strain. The combination of 
tensile and compressive tests gave the essential 
elastic properties and strengths of the materials. 
The degree of correlation of impact values with 
mechanical properties was considered too low for the 
prediction of impact values. 


The contribution by Gordon B. Massengale in the 
planning and design of apparatus during the initial 
part of this investigation is acknowledged. 
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| Redetermination of Mass Spectra of Deuteromethanes 
’ Fred L. Mohler, Vernon H. Dibeler, and Edith Quinn 


Mass spectra of the four deuteromethanes have been remeasured using samples of 


improved isotopic purity. 
1) atoms 


The relative abundances of fragment ions involving loss of H or 
from the molecules CH;D, CH,D»:, and CHD, are not proportional to the a priori 


probabilities of removing H or D atoms but have been expressed in terms of the a priori 


probability times a weighting factor. 
from these 
constant 1.19 
Dt. 
this power law. 


1. Introduction 


A paper by this title by Dibeler and Mohler [1]! 


I was published in 1950 and at about the same time a 


alo included 


a 
— ne — 


paper by Schissler, Thompson, and Turkevich [2 
, mass spectra of the four deutero- 
methanes. There are some discrepancies between 
the mass spectra reported in the two papers, and in 
both researc! 
CHD, and CHD, left much to be desired. Deutero- 
methanes of much better isotopic purity have become 
available and it seemed worthwhile to repeat the 
measurements. 
to have reliable mass spectral patterns for the 
deuteromethanes. It is also of theoretical interest 
to know the relative probabilities of removing H 
and D atoms from the four deuteromethanes. 


2. Experimental Details 


The deuteromethanes were made by A. T. Morss 
of Merck and Co., Limited, Montreal, Canada. The 
isotopic analyses of CH,D, CH,D., and CHD, were 
nade at an ionizing voltage below the appearance 
potential of CH,*. For methane the appearance 
potential of CH,* is 13.1 v and of CH,*, 14.4 v [8, 4]. 
This small difference makes the measurement rather 
insensitive and difficult. Tickner, Bryce, and Loss- 
ing [5] have pointed out that these measurements 
are also subject to small svstematic errors because 
of small differences in the ionization potentials of 
the deuteromethanes. The results are given in 
table 1. 
purities of 98 atom percent and for CD, 99 percent 








quoted by the supplier. 

Mass spectra were recorded with a Consolidated 
Model 21-103 mass spectrometer under standard 
operating conditions. The recorded spectra were 
corrected for the contribution of the C™ isotope, for 
the isotopic impurities listed in table 1, and for a 
small amount of air (1.6% or less) probably intro- 
duced in handling the sample. 


TABLE 1. Jsotopic analysis of deuteromethanes 


Monodeuteromet hane CHD, 96.9°%; CHy, 2.2°%: CHeDe, 0.9%. 
Dideuteromethane CH2De, 98.6°%; CH3sD, 1.3°%; CH Ds, 0.1°%. 
Trideuteromethane CHD», 97.1%; CHeDe, 2.4%; CDs, 0.5 
Tetradeuteromethane CDs, 98.5 CILDs, 1 


__ 


es the isotopic purity of the molecules | 


It is important for analytical reasons | 





These analyses are consistent with isotopic | 


The weighting factor for removing one H or D atom 
molecules can be roughly expressed as positive and negative powers of a single 
+0.015 and the same power law holds for the relative abundances of H+ and 
Weighting factors for removing two or more hydrogenic atoms are not consistent with 


3. Results 


9) 


The corrected mass spectra are listed in table 2 
and in the last row is given the sensitivity of the 
molecule ion peak in divisions per micron. In the 
spectra of CH,D and CH,D, two ions contribute to 
some of the mass peaks. Thus both CH,* and CD* 
contribute to the 14 peak and H, and D contribute to 
the 2 peak. In table 3 the abundance of ions 
heavier than mass number 12 has been computed on 
the assumption that the probability of removing one, 
two, or three hydrogenic atoms from the deutero- 
methane is proportional to the probability of re- 
moving H, 2H, and 3H from methane [1]. The ions 
CH* and CH,D* from CH;D and CH*, CHD*, and 
CHD,* of CH.D, are observed, and with the above 
assumption the abundances of the other ions are 
derived. 


TABLE 2. Mass spectra of deuteromethanes for 70 v electrons* 

mie CH, CH,D CHD: CHD, CD, 

l 5. 40 4.82 3.04 1.92 — 

2 0.42 0.95 1. 47 2. 64 3.86 | 

3 13 0. 18 0. 16 : 

3 13 0. 28 

12 3. 54 3.41 3.36 |* 3.37 3.18 | 

13 4. 86 5. 98 3.35 1. 52 . | 

14 19.4 10.5 7. 64 7. 89 7. 33 

15 8Y.3 23.7 11.3 5. 84 

16 100 79.8 33.3 10.7 13.7 

7 100 65.7 51.9 

cus : _ | 100 43.5 86.5 | 

19 100 > 

20 100 

Sensitivity 58 57 57 57 57 


® Relative intensities are corrected for the C!* isotope and for isotopic impuri- 
ties listed in table 1. 


The contribution of H,* to the mass 2 peak of 
CH,D and CH,D, has been computed differently. 
It is assumed that the relative abundances of H,* 
and HD* are in the same ratio as the probabilities 
of removing 2H and H+D from the molecules. 
There should be a D,* ion from CH,D,, which is not 
observed, but the predicted intensity is 0.014 per- 
cent, which is at the threshold for observation. 
Computed abundances for H, and D, in table 3 are 
enclosed in parentheses. 

Table 3 includes under P the a priori probabilities 


Figures in brackets indicate the literature references at the end of this paper. | for the distribution of H and D in the fragment 
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ions. The observed abundance ratios are quite 
different from the a priori probability ratios and the 
abundance of each fragment ion can be expressed in 
terms of the a priori probability times a weighting 
factor. Table 4 gives the weighting factors for each 
ion with the notation that a, is the factor for removing 
one H atom, a, for two atoms, ete., and 6 is the factor 
for D atoms. The table includes for comparison 
the published values for these weighting factors. 


Tarte 3. Jon abundances in methanes and a priori 


probali 


CH yD Pa CH,D Ps CHD 4 CD 


Ion CHD 


s 
s 


HH ay =0.798= 1.12 1h. =0.04 1.12 On =0.t 1.06 
‘Dp n=1L6l=1.1 1,/ 1.336). . 4 2 
‘H uh =0.66=1.1¢ Y 0.27 1.24 


‘HD 2 =1.34=1.16 1" =0.5t 


‘HD 4 =1.18 by =0.562=1.2 
‘HD p= 1.44=1.2) 2=1.18-2 
Cp 1.S2 ze 


t 


4. Discussion 


In a paper by Dibeler, Mohler, and de Hemptinne 
on the deuteroethvlenes 6) it was shown that all the 
“weighting factors” could be expressed aus positive 
and negative integral powers of one constant. In 
the present notation, the constant was a, of C,H,D 
1.10. In table 4 many of the ‘weighting factors” 
have been expressed as powers of numbers, using 
the power law that applied for ethylene. Results 
show that this power law does not account for all 
weighting factors in the methanes. It is a rough 
approximation for some but not all of the weighting 
Thus a, for CH,D, CH,D., and CHD, is 


factors. 


1.18, 1.207, and 1.22°, whereas 6, is 1.217*, 1.21 
and 1.18~*. For weighting factors of H* and D 
a, is 1.17, 1.18%, and 1.19% whereas }); is 1.19~, 
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1.17-*, and 1.14-*. Weighting factors for ren 


10Vief Jour 
two or three atoms are in some cases roughly Ce. 
‘ eit ‘ 


sistent with the power law, but in general ¢) 
agreement is poor. Values enclosed in parenthes 
do not fit, and values for C* and for all of the Ch 
spectrum do not vary in the manner found fy. 
C,* of the ethylenes and for the C.D, spectrum. — 
It is of interest that in the deuteromethanes | 
weighting factors for H* and D* are nearly ; 
same as for removing H and D from the molees,| 


ions. An apparent exception is 6, for D* of CH 
but this may be an experimental error. Anothe 
set of measurements gave 6,;=—0.73=1.177. Th 


sensitivities at mass 1 and mass 2 are not expect 


to be quite the same and are subject to some Vary. 
tion whenever focusing adjustments are change 
The roots of the weighting factors for removine 
or D from the molecule ions and for abundance 
H* and D* have a mean value of 1.19 +£0.01. , 
Table 4 includes published values of a, and b, { 
CH,D, CH.D,, and CHD,. The values derived +! 
this research are in satisfactory agreement with pul} 
lished values of Dibeler and Mohler [1] for the fiz 
two molecules, but the published data for CHD, g 
evidently in error. Values given by  Schissle| 


Thompson, and Turkevich [2] are roughly consiste) aff 
with the present values for all three molecules, ful 
The mass spectra reported in table 2 should }) om 


more reliable than the previously published valu| de 
because of the good isotopic purity of the molecul dif 
The fact that weighting factors are not all relate} at 
by a power law can not be explained as experiment rhe 
uncertainty. Some of the mass spectra have bee 
remeasured and recomputed several times and resuh| pe 
have been consistent. ) s 
The mean value of the roots of the weightin au 
factors for deuteromethanes 1.19 can be compare He 
with the constants 1.10 for the ethvlenes and 1.1) at 
for acetylenes [5]. Schissler, Thompson, and Tu by 
kevich [2] report a value of 1.09 for monodeutere 
ethane. In monodeuterobenzene and monodeuter| in 
naphthalene it was found that the factor 1s oi are 





unity [7]. There is no obvious explanation fq st 
weighting factors that differ much from unity as me 
the case for the deuteromethanes. ti 
his 
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1. Introduction 


Schissk The tensile behavior of metals, in general, is 
consiste:) sffected by their prior thermal and strain-tempera- 
ules, ure histories. Ripling and Baldwin [1],? in reporting 
should on the phe nomenon they called “rheotropic embrit- 
ed valuw| tlement’’ of steel, cone ri that a large part of the 
molecule] difference between the ductilities of annealed steels 


ill relat) 
eriment 

lave ber } 
nd resul 


it room temperatures and at low temperatures was 
theotropic; that is, the ductility at low temperatures 
‘ould be improved by prestraining at higher tem- 
peratures, at which the ductility of the steel was 
rreater. Similar results were obtained by the present 
authors [2] for ingot iron, hot-rolled or normalized. 
However, prestraining annealed ingot iron in tension 
at room temperature decreased the ductility retained 
by the specimen at low temperatures. 

A recent paper [3] summarized the results obtained 
in an investigation at the National Bureau of Stand- 
ards on the effects of low temperatures and multiaxial 
stresses * on the tensile behavior of an annealed com- 
mercially pure titanium. However, as no informa- 
tion was available on the effects of strain temperature 
history on the tensile properties of titanium or its 
alloys, a study of these effects was made on unnotched 
and notched specimens of the initially annealed 
titanium and on an initially annealed 4-percent-Al, 
4-percent-Mn, titanium alloy. The results of this 
investigation are summarized the present paper. 
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| 2. Materials and Test Procedures 


t phenor 


1957). 
ng, J. An} 2.1. Materials 
nptinne, “a . P . 
The test specimens were prepared from bars 
and Hej processed from a single heat of commercially pure 
4, 
_! This investigation was partially supported by the Materials Laberatory, 
Virectorate of Research, Wright Air Development Center, U.S. A. F., and some 
of the results were incorporated in WADC Technical Report 56-402 (ASTIA 
Document No. AD-110 436 
? Figures in brackets indicate the literature references at the end of this paper. 
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Effect of Strain-Temperature History on the Tensile 
Behavior of Titanium and a Titanium Alloy’ 


Glenn W. Geil and Nesbit L. Carwile 


3 


This study was made to determine the effect of prestraining specimens in tension under 
a selected temperature 
Unnotched and notched cylindrical specimens of initially annealed, 
annealed 
at selected temperatures to various true strains and 


on their tensile behavior at a 


{-percent-aluminum, 4-percent-man- 
The ductility retained by the prestrained 
strength indices generally 
However, strength indices 
196° C were decreased by 


whereas the 
prestraining. 
alloy at 


as a direct result of the very low retained ductility of the prestrained 


titanium (American Society for Testing Materials 
Designation B265-52T, grade 2) or a single heat of 
the titanium alloy. The bars were supplied in the 
form of 1-in. and %-in. rounds in the hot-rolled and 





annealed condition. The chemical compositions, 
other than titanium, of these materials were as 
follows: 
Titanium Alloy 
Klement (commer- % Al, 
cially pure) 4% Mn) 
% % 
Aluminum VW 1.2 
Calcium ND VW 
Carbon meer 0. O4 <0. 1 } 
Chromium, _--- W W 
Copper = T VW 
Iron W M 
Magnesium ND VW | 
Manganese VW 3.8 
Nickel. VW W 
Silicon 0. 02 M 
Silver ND _ 
Tin W VW 
Vanadium ND W 
Nitrogen 0. 04 0. 02 
Oxygen -_. . 21 — . 
Hydrogen . 012 0. 006 


TI 
1c 


weight. 


numerical values are given in percent by 

The spectrographic analysis determinations 
are designated by letters. M denotes moderate 
(0.1 to 1.0°%), W denotes weak a to 0.1%) 
VW denotes very weak (0.001 to 0.01%), T denotes 
a trace (0.0001 to 0.001%) and ND. ae not 
detected. 

Both metals were fine-grained; the titanium had a 
grain size corresponding to American Society for 
Testing Materials (ASTM) No. 9 and the alloy had 
a grain size finer than that corresponding to ASTM 
No. 10. These materials were tested in the as- 
received condition (hot-rolled and annealed by the 
producers). 
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2.2. Specimens 


The specimens were of circular cross section. The 
unnotched specimens had a 2-in. reduced section 
that was gradually tapered from each end; the dia- 
meter at the midsection (0.400 in.) was about 0.003 
in. less than that at the ends. The notched speci- 
mens were machined with a circumferential V-notch 
of 60° angle having a root radius of 0.05 in. and a 
constant minimum diameter of 0.35 in. at the root of 
thenotch. The notch depth was changed by varying 
the diameter of the evlindrical portion of the speci- 
men adjacent to the notch. A detailed description 
of the specimens is given in a previous paper [3]. 


2.3. Test Procedures 


A detailed description of the test equipment and 
the method of maintaining the selected temperature 
is given in previous publications [2, 4, and 5]. The 
tension tests were made in a pendulum hydraulic 
testing machine on notched and unnotched specimens 
at a temperature of +-100 25°, or —196°C or at a 
combination of two of these temperatures. The 
specimens were extended slow ly with the deformation 
rate maintained at about 0.5 to 1.0 percent contrac- 
tion in area per minute during the deformation 
bevond initial yielding. The specimens, except those 
tested at +25° C, were extended while completely 
immersed in an appropriate bath maintained at the 
selected temperature. Simultaneous load and dia- 
meter measurements (minimum diameter of un- 
notched specimens, diameter at the base of the notch 
in the notched specimens) were made throughout 
each test. 

In the normal (single-stage) tension test the speci- 
mens were extended to fracture at a selected tem- 
perature. Two-stage tension tests were employed 
to study the effect of prestraining; the specimens 
were extended at a constant temperature to selected 
strains and then extended to fracture at a different 
temperature. Three series of the two-stage tension 
tests were made. In two series, the specimens were 
extended in tension at +25° C to selected strains, 
then the loads were quickly reduced to 200 lb and 
maintained at this level until the start of the second 
stage of the tests about 30 min later. In the second 
stage, these specimens were extended in tension to 
fracture at —196° or +-100° C, respectively. During 
the interval between the two stages of the test, each 
specimen was maintained at the temperature selected 
for the second stage. In the other series of two-stage 
tests, the specimens were extended in tension at 
—196° C to selected strains, removed from the test- 
ing machine, and placed in a liquid nitrogen bath. 
The testing machine and equipment were brought 
to a temperature equilibrium at -+-25° C (requiring 
a period of approximately 30 min). The specimens 
were then removed from the low temperature bath, 
warmed in water to +25° C, quickly installed in the 


testing machine, and extended to fracture in the 


second stage of the test at +-25° C. 





3. Results and Discussion 





3.1. Effect of Prestraining Specimens at +25° 
Their Tensile Properties at —196° C 


Ca 








) 
| lhe results of single-stage tests at 196°C an: 
| two-stage tests at +25° and —196°C, respectively 
on unnotched and notched specimens of the initially 
annealed titanium and titanium alloy are summa. 
rized in table 1. 
a. True Stress Versus True Strain Curves 
Ihe true stress * versus true strain ® curves for the 
unnotched specimens are shown in figures 1 and : 
| and those for notched specimens with noteh depths ' 
‘ True stress was determined by dividing the current load by the current min} | 
mum cross-sectional area of the specimen 7 
5 True strain is expressed as the natural logarithm of the ratio of the origina 
minimum cross-sectional area of the specimen, Ao, to the current minimum ¢ross 
sectional area, A f 
* Notch depth is expressed as the percent of cross-sectional area removed i 
machining the notch in the specimen. 7% 
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Ficure 1. True stress-true strain relations obtained in single- 
and two-stage tension tests at 5 and 196° C on un- 


notched specimens of in tially annealed commercially pure 


lilanium., 
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FIGURE 2. True stress-true strain relations obtained in single- 
and two-stage tension tests at 95 and 196° C on un- 
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TABLE 1. Tensile properties of unnotched and notched (60° notch angle, 0.05 in. root radius) specimens tested in single stage 
: at —196° C and in two stages at + 25° and — 196” C, re spectively 
= - —, 
—— is | 
: First stage of test, Second stage of test, —196° ¢ | 
£95° C | 
St ess 8 a % - 
? Kotch ( rriaxi- rrue stress Total true strain 4 Retained true Reduc- | Elonga- 
jepth D« d \- ality, True Tensile ¢ strain tion of | tion t | 
r tion S,/S: | strain True stress; strength ~ - —- b a a . area | in 2in. | 
factor at end at end or notch | 
KK; of stage of stage strength at maxi- at initial | at maxi-| at ini- | at maxi-| at ini- 
mum load fracture | mum tial | mum tial 
! | Joad | fracture} load fracture | 
Commercially pure titanium 
— : : ~s - —TC:t*~“<~« a “a - e — 7 
r in 1 lbjin2 Thjin2 lhjin.2 Ibjin.2 o/ % | 
é 0. 400 1.00 0.00 0 0 169, 000 200, 000 298, 000 0.167 | 0.330 | 0.167 0. 330 30 | 21 
0 . 400 1. 00 00 . 020 77, 000 170, 000 203, 000 229, 000 178 336 158 | 316 | 30 18 
0 . 400 1. 00 00 089 86, 000 170, 000 203, 000 218, 000 177 . 266 . 138 | . a 22 18 
0 . 400 1. 00 00 . O78 97, 000 168, 000 203, 000 223, 000 191 321 .118 243 «CO 2 | 17 
0 . 400 1. 00 .00 .118 106. 000 165, 000 204, 000 219, 000 212 .300 | .094 . 182 25 17 | 
i J 
10 0. 270 { 1.7 Os 0 0 183, 000 ( 199, 000 . O81 > ORL | 8 “ 
, 10 0 0 1.7 08 . 020 85, 000 181, 000 198, 000 O87 067 | S © 
10 70 0 7 O08 O40 06, 000 181, 000 199, 000 093 053 | Q | 
10 70 ‘ 1.7 Os . O80 103, 000 181, 000 207, 000 . 132 . 052 13 | 7 
; 10 =o | () l . 08 1 113, 000 180, 000 209, 000 . 144 033 | 14 
| an 418 350 1.9 0 0 213, 000 221, 000 5 .039 | .039 | 5 . 
j 0) 418 350 1.9 . 020 100, 000 213, 000 224, 000 049 .029 | 5 e 
“ 418 0 1.9 O41 116.000 | 215, 000 h) 230, 000 . 064 n 023 | 7 
' 1) 418 0) 1.9 ONO 123, 000 212, 000 ( 237, 000 .110 - . 050 } 10 7 
i 2) 418 350 1.9 23 .121 133, 000 209, 000 239, 000 . 134 , - | Se | 13 
en g 495 50 2.0 ; 0 0 246, 000 (h) 259, 000 | 054 054 | 5 
} 50 .49 ( 2.0 : 021 115, 000 244, 000 257, 000 ; 049 . 028 5 
ry) 495 ) 2.0) O41 135, 000 247, 000 266, 000 . 071 . 030 8 | 
m4) , 495 i) 2.0) . OSO 149, 000 244, 000 272, 000 . 106 , 026 ll 
’ 50 495 ) 2.0 id . 121 160, 000 240, 000 279, 000 .145 ‘ . 024 14 ne 
} | 
70 639 0) 2.1 39 0 0 258, 000 270, 000 . 046 ‘ . 046 5 | 
70 639 0 2.1 30 , 022 128, 000 267, 000 z 047 : , 025 5 a 
70 639 S50) 2.1 yu . 041 137, 000 (b 273, 000 . 060 O19 5 
70 639 ) 2.1 39 . O80 167, 000 258, 000 6,000 | . 098 O18 10 | 
70 639 350 ¥ 1 9 O82 168, 000 62, 000 (b) 291,000 | . 102 020 | mm © os 
70 639 . 350 2.1 39 120 177, 000 (: 293, 000 i. . 142 a . 022 ls | 0 
j | | 
) 87 « 990 . 350 91 41 0 0 257, 000 (b 265, 000 . 034 . 03 oh, ee | 
de _ = = = =. _ = es | 
) {-percent-Al, 4-percent-Mn, titanium alloy | 
—_— - . . — TT 
Os 0. 400 0 0.00 0 0 246, 000 278, 000 298, 000 0.122 | 0.213 0. 122 0. 213 19 7 
0 . 400 1.0 . 00 . 021 145, 000 246, 000 279, 000 292, 000 129 | .173 108 . 152 16 . 
0 . 400 1.0 00 . 020 146, 000 246, 000 274, 000 308, 000 112 | 251 . 092 . 231 22 8 
0 1K) l 00 040 148, 000 245, 000 281, 000 300, 000 . 130 214 090 174 18 8 
0 1M 00 . O80 162, 000 243, 000 278, 000 204, 000 . 134 196 054 . 116 17 9 
0 i 1.0 00 . 120 169, 000 240, 000 274, 000 295, 000 . 132 219 .012 | .099 18 11 
10 . 370 0) 1.7 Os ( 0 268, 000 ( 288, 000 070 | a . 070 Ss ‘ 
10 370 0) 2 08 . 020 158, 000 266, 000 288, 000 O76 | . 056 9 
10 _ 370 ( l Os . 059 159, 000 24, 000 ( 288, 000 te OS4 F 045 7 ‘ 
10 , 37 Bo | OS . O58 168, 000 263, 000 283, 000 O77 O19 Q 
10 7 ‘) l O08 O78 173, 000 261, 000 286, 000 OSS | .010 9 
0 118 r ) 23 0 0 307, 000 317, 000 . 0382 . 0382 4 
() .418 ) 9 2 020 181, 000 107, 000 320, 000 O38 ‘ O18 4 
0 . 418 } 23 4 105, 000 104, 000 323, 000 057 014 5 
0) _418 9 . 060 211, 000 100, 000 322, 000 067 | 007 5 
) 418 ) 2 079 205, 000 277, OOO 302, 000 i O83 ‘ | 004 9 
Os 19 ( ? 0 0 325, 000 334, 000 026 . 026 3 * 
4) 14 021 200, 000 331, 000 342, 000 033 O12 1 
} 7-1) 14 y 040 23. OOO 337, 000 $4, 000 049 .009 5 
i) $05 ‘ 9 m2 238, 000 $17, 000 339, 000 On4 . 002 6 
1) 19 ; _OS1 “51, 000 207, 000 225, 000 OS1 . 000 7 
7 639 " 0 0 337, 000 345, 000 24 . 024 3 _ 
7 A350 ) 019 22, 000 $36, 000 46, 000 026 . 007 4 
} 71 03y 9 O40 239, 000 S18, 000 331, 000 O38 . 000 4 
70 ted 9 9 059 255, 000 11, 000 331, 000 060 - OO1 5 
7 ose { 9 1 q Ont 271. 000 276, OOO 276, 000 O79 . 000 6 o 
| 87 vu 9 i] 0 0 7. 000 $41, 000 012 . 012 3 
| —— - 
' Diameter of cylind l por m oft specimen adjacent to the notch. 
Minimum diame 1 hed specimen or diameter of notched specimen at the base of the notch. ae 
} Triaxiality is ds ia e ratio of transverse stress to longitudinal stress and is based on the me thod of Sachsand Lubahn, Trans. ASM E 67, [A] 240 (1945). 
1 Includes elastic and { tic deformation 
¢ Determined by highest load attained at —196° C by the original minimum cross-sectional area. 
f Measurements base pur marks in fillets. Specimens had a reduced section of 2.0 in. length, 
« Tensile valu re t " ‘ 2 or more specimens 
Fractured bef t lo f load-extension curve became zero 


in single- 
C on un- 
Al, 4-per- 
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were generally similar to those for the specimens with | rapid 
; t init fracture are based on diameter measure 
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Figure 6. True stress-true strain relations obtained in single. d 
Fiat nE 3. True stress-true strain relations obtained in singles and two ay pene! — s = and 196° C on notched : 
and two-stage tension tests at 25° and 196 C on notched specimens (OU'Zo notch ¢ epth 0, the alloy. ) 
specimens (10% notch depth) of the titanium ee ; ; 
F The portion of the true stress-true strain curves? * 
(figs. 1 and 2) for the second stage ol the tests with 
the unnotched specimens of each material at —196° | 
r. C lie near or only slightly below those representing) « 
a | single-stage tests of the same material at —196° C; 
fi f ! | the lowering of the curves, in general, tends to} _ 
ge ? ’ | inerease with increase in the prestrain of the speci- | 
gf f | mens at +25° C. A similar trend is indicated in} 4, 
a t the curves for the notched specimens with a depth 
fe J | of 10 percent (figs. 3 and 5). The ductility of the / 
. ror * ; a 
rT 4:0 ] notched specimens with depths of 30 percent or | 
oe ae | greater was insufficient at 196° C to make this 
fs . j comparison of the curves. These true stress-true} * 
3, . | Suen strain data indicate that the total work hardening " 
. ° ° ° ° ‘ . 
a f ones | (strain hardening and strain aging or recovery) ) 
Pi; ° , ag ta during the prestraining of specimens at +25° Cis} 2 
. . . 
46) . , nearly the same as the total work hardening (mainly 7 
he . . ° . . ° 2 
f ee ‘ , strain hardening) of corresponding — specimens 
to. ‘ ’ | extended to the same strains at —196° C. If any] +. 
| strain aging occurred during the interval of approxi- } 3 
Ficure 4. True stress-true strain relations obtained in single- mately 30 min between the two stages of these ¢ 
and two-stage tension tests at + 25° and — 196° C on notched | tests, it was limited to a very small value as the} =: 
; . » (60° ’ th iianium . ° ° P . ‘ ° L° 
specimens (507% notch depth) of the titanium. specimens were maintained at 196° © during this} * 
: , aeik tiene TITANIUM ALLOY . 7 interval. 
} G0" NOTCH ANGLE, 0.05 incw ROCT Ra b. Strength at —196° C ; 
a * ” 
The effects of prestraining unnotched and notched}, 
300000} or ge specimens to true strains up to 0.08 or 0.12 at 
ae eee, Q- ' _. - - 0 (1 op 
; [. eos - +-25° © on their strength indices at 196° C are 
a ee 7 z shown in figures 7 and 8. At 196° C, the tensile | 
+ ° = ‘ 
Exo f ¢ F J } > strength,’ true stress at maximum load, and tru 
3 . . . . . . . 
2 } ] 4 tsncoatase—o* of stress at initial fracture ° of the unnotched specimens | 
| et , > ° . 
[on ge f Se ess of each material were nearly independent of the 
Pel gs ff § Saermomonnec. prestraining at +-25° ©. 
be p ¢ &t" w FIRST STAGE rr ° e ; ; 
mP gig f Y ‘ wanes 08 The data obtained in the two-stage tests on the 
be fy ff J * i aia | notched specimens exhibit a general trend of an t 
a aa ee ee ee _ independence of the strength indices at 196° C on 
TRUE STAM, Log, a/A the prestraining at +25° C. This trend was ob- 
Ficure 5. True stress-true strain relations obtained in single- | served for all of the notched specimens of ios in 
and two-stage tension tests at + 25° and — 196° C on notched | commercially pure titanium (fig. 7) and for the alloy} ty, 
specimens (10% notch depth) of the alloy. . a“ ef >» @ 

: Aa ; specimens with a notch depth of 10 percent (fig. 8).] wi 
of 10 and 50 percent are shown in figures 3 to6. For | However, a relatively large decrease was observed pre 
brevity, the true stress-true strain curves for the two- | ————— , he second | Cal 

: . P ¢ ler e- and notch-strength values obtained fo 1 specimen in the seco 
stage tests on specimens with notch depths of 30 and | stage of the tect are based on the minimum cross-sectional area of the specimes ths 
wf ree are S . » forme . eee Curve prior to the prestraining 
70 percent are not shown; the forms of these curves | P" Initial fracture, as used in this paper, designates the beginning of the veil ~ 

d propagation of the main fracture crack across the specimen, The trut loa 


al notch dept h of 50 percent, ments made immediately preceding the fracture. 
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inthe values of notch strength (see footnote 7) and 
(me stress at initial fracture of the alloy specimens 
with 30-, 50-, and 70-percent notch depths that were 
prestrained to a true strain of 0.08. This decrease 
can be attributed directly to the low ductility of 
these specimens in the second stage of the test at 
| -196° C; these specimens fractured during the 





loding in the elastic deformation range. 
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The ductility of all the notched specimens at 

-196° C was quite limited as evidencéd by the 
fractures that occurred while the loads were increas- 
ing; i. e., before normal maximum load conditions ° 
were attained. However, in the limited sense that 
the loads at fracture were the highest loads on the 
specimens at — 196° C, the values of the true stresses 
at initial fracture may also be considered as true 
stresses at maximum load. 


c. Ductility 


The effects of prestraining unnotched and notched 
specimens of the titanium and the alloy to selected 
true strains up to 0.08 or 0.12 at +25° C on their 
ductility at —196° C are summarized in figures 9 
and 10. The “total true strain” values reported for 
the second stage of the test at —196° C include the 
true strain at the end of the first stage of the test 
at +25° C. The “retained true strain” values 
include only the additional true strain during the 
second stage of the test. 

The total true strain at maximum load of un- 
notched specimens at — 196° C increased slightly with 
increase in prestrain of the titanium, especially in the 
range 0.04 to 0.12 (fig. 9), whereas it was nearly 
constant and independent of the prestrain for the 
alloy (fig. 10). The retained true strains at maxi- 
mum load of the unnotched specimens of both metals 
at —196° C decreased with increase in the prestrain 
by an amount approximately equal to (alloy speci- 
mens) or slighly less than (titanium specimens) the 
prestrain. 

The total true strain at initial fracture of the 
unnotched specimens of both metals at —196° C 
was nearly independent of the prestrain at +25° C 
and thus the retained true strains at initial fracture 
of these specimens were decreased by an amount 
approximately equal to the prestrain. 

The unnotched specimen of titanium that was 
prestrained at 25° C to a true strain of 0.039 broke 
apparently prematurely in the second stage of the 
test at 196° C; the fracture occurred in the 
shoulder portion of the necked section and not at 
the minimum cross-sectional area. Thus, the value 
obtained for the total true strain at initial fracture 
(table 1) was not truly representative for this degree 
of prestrain and it is not included in the plotted 
points of figure 9. Moreover, the value obtained 
for the true stress at initial fracture of this specimen 
(fig. 7) is slightly low due to the premature fracture. 

As mentioned previously, the notched specimens 
did not retain sufficient ductility at —196° C to 
attain a normal maximum load condition. The 
true strains at initial fracture of the notched speci- 
mens that were extended in single-stage tension 
tests at —196° C were also very small, especially for 
specimens with a notch depth of 30 percent or 
greater. 

Prestraining in tension at +25° C_ generally 
increased the total true strain at initial fracture of 


In this paper a normal maximum load eondition is considered as that condi- 
| tion at which the slope of the load-extension curve becomes zero beyond the region 
of vielding 
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Figure 11. Photographs of notched specimens of }-percer 
Al percent- Vn. titanium alloy that were fractured 5 
» s 
1o ( 8 
; lop: Prestrained to a true strain of 0.04 at +25° C. Bottom: Prestraing ~ 
to atru train of UU t é Cc ° 
the notched specimens at 196° ¢ A major por 


tion of this increase can be attributed directly t 
the prestrain. It follows, therefore, that the retaine: 
true strains at vy fracture of the notched Speck ; 
mens at 196° decreased to very small value 
with increase in the prestri ain at 25°C. Some @ 
the prestrained specimens, re ‘ularly the deep |; 
notched alloy, broke in a very brittle manner a 
Se <> Two examples of these brittle fracture j 
are shown in figure 11. 
The results obtained in this series of two-stagi 
196° C, respectively, on | 


tension tests at 25° and 
unnotched and notched specimens indicate that 
9° Py 


multiaxial stresses and prestrain in tension at +2: 
C both increase the embrittlement of the anneale 

titanium and the annealed t-percent-Al, 4-percent 
Mn, titanium alloy at 196° ©, | 


3.2. Effect of Prestraining Specimens at -}-25° C on | ; 
Their Tensile Properties at -+- 100° C : 


The results obtained in two-stage tension test 
at +25° and +100° C, respectively, on unnotched 
and notched spec imens of the titanium and tits yniuM 


alloy are summarized in table 2 
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properties of unnotched and notched (60° notch angle, 0.05 in. root radius) specimens tested in single stage 


9 ensal 
ABLE 2. Jerstte > a b ‘ = 
T at + 100° C and in two stages at +. 25° and + 100° ( , re spectively 








<——~— = : es , ee 
First stage of test, Second stage of test, +100° C | 
+25° C 
Stress a. —s. re | 
Cor | 
Notch cel rriaxi- True stress Total true strain ¢ Retained true Reduc- | Elonga- 
depth Ds d tra ility, True Tensile ¢ strain tion of | tion f 
tion S,/S; | strain 4 | True stress| strength = Ease area | in 2 in. 
factor at end at end or notch | | 
Ki of stage of stage strength it maxi- at initial | at maxi-| at ini- | at maxi-| at ini- | 
mum load fracture mum | tial mum | tial 
load fracture load fracture 
1—— ' one a EnERnenenE a 
Commercially pure titanium | 
fad in. j lbjin? lhiin2 lhfin2 lb/in2 | Q% % 
Os 0. 400 1.0 0 0 0 75, 000 &5, 000 118, 000 0. 130 0. 785 0. 130 57 41 
0 100) 1.0 0 020 80, 000 75, 000 8&7, 000 123, 000 .153 . 807 . 133 56 | 36 
0 0) 1.0 0 040 89, 000 75, 000 86, 000 123, 000 .135 . 799 . 095 56 | 36 
0 400 1.0 0 O80 99, 000 75, 000 87, 000 125, 000 . 138 813 . 058 56 | 36 | 
0 . 400 1.0 0 120 107, 000 75, 000 88, 000 123, 000 . 164 . 805 . 044 56 36 
Ne 0. 370 .350 1.7 0 0 0 82, 000 04, 000 122, 000 134 . 528 .134 . 528 40 | 
rn 370 350 1.7 OS 020 &5, 000 81, 000 92, 000 128, 000 131 . 533 lll 513 40 
10 370 . 350 1.7 . OS . 040 95, 000 &1, 000 93, 000 123, 000 . 144 . 543 . 104 . 038 41 
10 370 350 1.7 . 08 . O81 106, 000 81, 000 93, 000 120, 000 141 512 . 060 .431 | 39 
10 370 . 350 1.7 . 08 . 122 116, 000 81, 000 95, 000 122, 000 159 . 508 . 037 . 386 39 } 
30 418 0 1.9 23 0 0 98, 000 116, 000 130, 000 .173 . 368 173 363 | 30 
30 418 . 350 1.9 2 020 103, 000 96, 000 114, 000 132, 000 174 . 359 . 14 . 339 32 
%) 418 350 1.9 23 039 112, 000 46, 000 115, 000 129, 000 . 181 . 346 . 142 307 30 | 
3) 418 350 1.9 23 O81 123, 000 46, 000 116, 000 128, 000 191 346 .110 . 265 30 
30 418 a1 1.9 23 121 135, 000 95, 000 117, 000 131, 000 . 208 . 367 . O87 . 246 30 | 
| 
~e 495 30 2.0 3 0 0 108, 000 128, 000 142, 000 . 158 . 343 158 | .343 29 
4) 495 350 2.0 3 021 120, 000 108, 000 128, 000 143, 000 . 166 330 .145 | (309 | 29 
*() 495 350 2.0 .33 041 13z, 000 108, 000 128, 000 141, 000 . 167 327 . 126 . 286 28 | } 
=) 495 su) 2.0 3 . O82 146, 000 110, 000 133, 000 144, 000 . 185 . 329 . 108 . 227 28 
*) 495 50 2.0 83 123 155, 000 109, 000 134, 000 143, 000 . 205 . 305 . O82 . 182 27 
70« . 39 350 2. 1 oo 0 0 119, 000 137, 000 154, 000 137 . o69 . 137 . 369 31 | 
70) 639 0 » | 39 021 118, 000 119, 000 137, 000 153, 000 . 141 . 364 . 120 . 343 Sl 
70 639 50 2.1 0 O41 144, 000 118, 000 136, 000 152. 000 . 142 . 372 .101 . 331 32 
| “() 639 m4) 21 39 OR2 166, 000 120, 000 139, 000 153, 000 149 355 . 067 . 293 31 | 
} =) 639 350 2.1 .39 . 123 175, 000 119, 000 143. 000 155, 000 . 182 360 . 059 . 237 29 } 
. , , | 
j -pere } 
a , &7 990 50 9 1 41 0 0 125, 000 143, 000 157,000 | 135 y 135 318 29 | 
acture a7 a90 0 2.1 41 . 020 123, 000 122, 000 140, 000 156, 000 . 142 . 320 . 122 . 300 28 | 
87 990) 550) 2 I 4 040 147, 000 122, 000 142, 000 155,000 | .146 | 314 106 | .274 | 2B 
— 87 . 990 0 1 41 OSI 163, 000 121, 000 141, 000 155, 000 . 150 .317 . 069 . 236 23 | 
mm: Prestraine 87 990 0 2.1 41 123 182, 000 123, 000 145, 000 154, 000 . 167 . 276 . 044 . 153 25 
{-percent-Al, 4-percent-Mn, titanium alloy 
Lajor por 0 0. 400 1.0 0 0 0 137, 000 155, 000 913, 000 0. 122 0. 645 0. 122 0. 645 47 15 
rrantlw 0 1K) 1.0 oo 020 144, 000 137, 000 155, 000 214. 000 125 665 105 645 49 20 
irectly U 0 10) 1.0 00 020 145, 000 137. 000 156, 000 216, 000 . 126 . 67 . 106 . 654 49 20 
e retaines 0) 100) 1. 00 O41 152, 000 137, 000 158, 000 213, 000 .148 . 660 . 102 . 619 49 19 
: ‘ 0 410 1.0 00 040 149, 000 137, 000 157, 000 211, 000 140 . 646 . 100 . 606 48 19 
ied speck ; 0 100 1.0 Oo _ 080 160, 000 137, 000 156, 000 211, 000 127 . 640 . 047 . 560 50 20 | 
nll value 0 100 1. 00 112 166, 000 138, 000 156, 000 212, 000 121 . 640 . 009 . 528 1s 2 | 
sg Mss 0 400 1.0 00 121 167, 000 139, 000 159, 000 209, 000 .135 . 610 .014 . 489 46 | 18 | 
Some ¢ 
| l 10 0. 270 “() 17 Os 0 0 153, 000 176, 000 188, 000 . 138 . 224 . 138 . 224 3 | 
he deep 10 370 ( OS 020 160, 000 153, 000 174, 000 186, 000 . 130 . 205 .110 . 185 22 ° 
‘ we al 10 70 . OS O40 165, 000 151, 000 175, 000 183, 000 . 146 , 200 . 106 . 160 22 
anne! a 10 70 ( 17 ON Ol 173, 000 151, 000 174, 000 184, 000 141 . 204 . O80 .143 21 
fracture } 10 . 370 ( 1.7 . 08 OSO 177, 000 151, 000 174, 000 184, 000 .141 215 . 061 . 135 23 
418 0 19 2% 0 0 175, 000 201, 000 204, 000 138 156 . 138 156 17 
“gat aor ) 118 moO 1.9 23 020 175, 000 174, 000 199, 000 201, 000 134 147 114 127 16 
two stag (0 11S 350 1.0 ’ 040 145, 000 175, 000 197, 000 201, 000 .119 . 144 . 079 . 104 16 
tively. Ol} .418 . 3K 1.9 9 O61 198, 000 173, 000 198, 000 199, 000 139 147 O78 . O86 16 
it “th 418 ) 2B . O82 205, 000 173, 000 195, 000 199, 000 123 . 136 041 . 054 15 
“ae rH 
at - DF 50 195 . 350 2.0 33 0 0 202, 000 227, 000 232, 000 . 118 .147 . 118 .147 17 ‘ 
- =. 5A) { 2 3 020 202, 000 199, 000 223, 000 229, O00 .116 151 . 096 .131 17 
anneale 5 { ‘ 2 | 3 021 197, 000 203, 000 297, 000 2335, 000 113 . 157 . 092 . 136 16 
— 105 { 2 0 3 O40 216, 000 202, OOO 297. O00 234, 000 116 . 156 . 076 116 16 
i-percent 105 0 2 () 53 OO 233. (0 201. 000 2085, OOO 230, 000 .119 143 059 _ 083 16 
| 105 { 2 0 ; OSO 240, 000 201, 000 9290, OOO 230, 000 O89 . 142 009 . 062 16 
| 70 639 1 ) ( 0 27 O00 247, 000 249, 000 .104 114 .104 .114 16 
re) 70 639 | ) . 020 05. OOO 299 O00 250, 000 255, 000 .118 .143 _ 098 18 17 
25 C on 7 630 i) 9 } sy O40 238, 000 225, 000 250, 000 252, 000 .115 oa 075 . OSS 15 | eco 
C 70 439 ) » | ) OHO 257. 000 275 O00 248, 000 251, 000 . 105 . 126 045 , 066 14 anes 
7 639 2 1 ) Os 265, OOO 223, 000 246, 000 252, OOO . 100 . 125 . 019 . 044 18 — 
310N tests 87 100) { ae 41 0 0 2945, 000 252. 000 252, 000 . 100 .110 . 100 .110 14 — 
innotched ; > . a 
see footnotes to table 1 


titanium 
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| coincide with the corresponding portion of the! 
| curves representing single-stage tests at +1 
|C. The total work hardening during the prestraj.' 
25° C of each of the specimens was » 


a. True Stress Versus True Strain Curves 


The true stress-true strain curves for the un- 






































notched specimens are shown in figures 12 and 13 | jing at 
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b. Strength 


100 between the 


stress at 


The relations observed at 
tensile or notch strength, true maximum 
load or true “y; ss at initial fracture, and the pre- 
strain at +25° C of specimens of the titanium and 
the alloy are Pa in figures 18 and 19. These 
strength indices increased with the increase in tri- 
axial stresses that accompany the increase in notch 
depth. However, they were independent of the pre- 


straining of the specimens at 25° C 


c. Ductility 

The relations between the ductility at 100? © 
and the prestrain at +25° C of unnotched and 
notched specimens are shown in figures 20 and 21. 
A slight increase in the total true strain at maximum 
load with increase in the prestrain was observed for 
the titanium specimens (fig. 20 However, the in- 
crease was much smaller than the prestrain and 
hence the retained true strain at maximum load 
generally decreased with increase in the prestrain. 
The total true strain at initial fracture at 100° C of 
the unnotehed and notched specimens of both 
metals (figs. 20 and 21) and the total true strain at 
maximum load at -++-100° C of the alloy specimens 
(fig. 21) were approximately independent of the pre- 
strain. Some scatter was obtained in these data, but 
no general trend is shown of either an increase or 
decrease in these total true strains with increase in 
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the prestrain. Thus, the retained true strains ab 7 
initial fracture at 100° C of both metals and thé | s 
retained true strains at maximum load at + 100° Co 
the alloy were decreased by the prestraining by © 
amounts approximately equal to the prestrain. stag 
3.3. Effect of Prestraining Specimens at —196° Col app, 
Their Tensile Properties at +-25° C | or 
a hl . ° ° defe 
The results obtained in two-stage tension tests al tenn 
196° and +25° C, respectively, on unnotched ané ; 4; 
notched specimens of the initially annealed titanium) \) 
and on unnotched specimens of the initially anneale(| in te 
alloy are summarized in table 3. The ductility ¢/ 45; 
notched specimens of the titanium at —196° C wa) oq 
relatively low and the two-stage tests on thes) joc. 
specimens were restricted to small prestr: ains (tru 
strains of 0.02 and 0.03) at 196° C. The ductilit 
of notched specimens of the alloy at 196° C was s 
limited that it was not feasible to conduct the two SI 
stage tests. } stre: 
the 
a. True Stress Versus True Strain Curves fig 
The true stress-true strain curves obtained on the inde 
unnotched specimens of the titanium and the alloy tren 
are presented in figures 22 and 23, respectively, and and 
those for the notched specimens (50 percent depth) @, spec 
titanium in figure 24. The curves for the secon, dee 
stage of these tests at yi eal &- nearly coincide with frac 
the corresponding portion of the curves for single —|' 
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TABLE 3. Tensile prope fies of un notched and notched (60° notch angle , 0.05 in. root radius) spe cimens tested in single stage 
at + 25° C and in two stages at —196° and + 25° C, respectively 
First stage of test, Second stage of test, +25° C 
196° C 
Notch Priaxi lrue stress rotal true strain 4 Retained true Reduc- | Elonga- 
ieoth D y, rrue Tensile « | strain tion of | tion f 
. SiS strain rrue stress| strength area | in 2in. 
t it end it end or notch 
kK f stage of stage strength it maxi- it initial it maxi-| at ini- it maxi-| at ini- 
mum load fracture mum tial mum tial 
load fracture load fracture 
Commercially pure titanium 
l 2 LThjine Lhiin2 Thjin. ” o 
2. 4 1 | 0 0 0 44, 000 107, 000 145. 000 0. 130 0. 706 0. 130 0. 706 52 3U 
; 1M 1 | ( 020 164. 000 95. 000 108, 000 143, 000 122 659 . 102 . 639 50 27 
4 rT 0 O41 169, 000 94, 000 110, 000 142, 000 152 635 eit . 594 46 23 «C&S 
0 1) l ( OSU) 174, OOO 43, OOO 105, 000 134, 000 127 77 047 . 497 45 24 
0 1y 1. 0 122 189, 000 44, O00 107, OOO 132, 000 135 536 .013 .414 42 24 | 
we 0. 37 ( 7 OS 0 0 104, 000 122, 000 141, 000 160 360 . 160 . 360 32 
1 & 418 ) 23 0 0 123, 000 146, 000 155, 000 175 248 175 248 23 
eg 19 2 0 0 141, 000 164, 000 174, 000 . 148 223 148 . 223 22 
=n ; 19 9 020 230, 000 142. 000 165, 000 168, 000 150 170 130 . 150 14 
nf) "49 { 9 ; 031 245, O00 138, OOO ( 156, OOO . 122 O91 12 
“Ne 639 2 } 0 0 159, 000 180, 000 193, 000 126 231 - 126 . 231 23 
R7 « yn 2.1 41 ( 0 161, 000 183, 000 194, 000 134 207 134 207 20 
} 
4-percent-Al, 4-percent-Mn, titanium alloy 
———EEe _ ——- - — 
Ne Oo 4K ] ( ( 0 149. 000 168, 000 216, 000 0.116 0. 553 0.116 | 0.553 44 14 
( in l ( (0 247, O00 150, 000 167, 000 215, 000 105 AO OSS . 546 45 17 
) 41 lt ( 041 253, OOO 150, 000 168, 000 219, 000 112 79 071 . 538 45 17 
1) 1 ( OSI 264, 000 151, 000 168, 000 218, 000 109 76 . 028 . 495 45 13 
100) l { 122 275, OOO 151, 000 172, VOU 214, 000 132 560 . 010 . 438 44 19 
10 0. 37 r 1 Os 0 0 161. 000 186. 000 190, 000 142 . 167 . 142 . 167 17 
| | 
3 118 l 23 0 0 191, 000 212, 000 .101 .101 | 12 
O« , 495 2 33 { 0 223, 000 248, 000 . 106 . 106 13 
=() 639 ‘ 21 39 0 0 248, 000 272, 000 .101 .101 12 | 
87 Gt 2.1 il 0 0 252, 000 ( 270, 000 068 . 068 
Sex t tes to tat 1 
stage tests a 25 ; ‘ ius, Ss sses ssi » 
tage test t 2 ( Thus, the stresses neces sary 
t . : : Ke are £4 anne 
for continued deformation in tension at +-25° C were 
n . . Soe @. 
apparently independent of the temperature (—196°C | 
~ ae Y ° ° | 
or +25° C) of the prior strain, even though the | 
deformation mechanisms may vary at these two 
rr ° ° 
temperatures. The coincidence of the curves also | 
indicates an approximate equivalence of the total 
work hardening of these specimens during extension gates 
‘ . ; . . ’ aro ’ . oper 
intension to the same selected strains at 196° C or nao toa wex*vs 
9n0 (7) = P = — av 
+25° C. This conforms to the evidence presented | me 
and discussed previously in the series of two-stage wt ; 
9-0 we: ‘ | ne, a 
tests at +-25° and 196° ©, ros 6 ° 
’ ¢ 
ate eeay 
b. Strength be 4 
. 
. ° ° ° Lee ¢ 
Strength indices, such as tensile strength, true 4 ’ 
Ob — LG ars eee — 


stresses at maximum load and at initial fracture, of | 
the unnotched specimens at + 25° C of the titanium 
fig. 25) and the alloy (fig. 26) were approximately 
independent of the prestrain at —196°C. A similar 
trend is shown in the limited data on notch strength 
and true stress at maximum load of the notched 
specimens of titanium (fig. 2 However, a slight 
decrease was observed in the true stress at initial 
fracture at +25° C with increase in the prestrain at 
—196° C of the notched specimens. This decrease 
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Ficure 22. True stress-true strain relations obtained in single- 
and two-staqe testis al 196 9° C on un- 


tension and + 25° 
notched specimens of the titanium. 


‘an be attributed directly to the reduction in the 
ductility of these specimens at + 25° C by the pre- 
straining at —196° C, as no evidence is shown in 
figure 24 of any decrease in the resistance to deforma- 
tion of the notched ‘specimens at + 25° C, 
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c. Ductility 


196° C on the 


The effects of prestraining at hey 


ductility of the titanium and the alloy at. , 
are shown by the data as summarized in figures 25 
and 26, respectively. The total true strains at 
maximum load at +25° C of the unnotched speci- 
mens of both metals and the total true strain at 
initial fracture of the alloy were approximately inde- 
pendent of the prestrain. Thus, the retained true 
strains of these specimens decreased with an increase 
in the prestraining by amounts approximately equiv- 
alent to the prestrain. The total true strain at 
initial fracture of both unnotched and notched 
specimens of the titanium (fig. 25) decreased con- 
tinuously with inerease in the prestrain. The de- 
crease in the retained true strain at initial fracture 
ofthe unnotched specimens at +-25° C was approx- 
imately twice the prestrain at 196° C. The effect 
ofthe prestrain at — 196° C of the notched specimens 
of titanium on their ductility at + 25° C was very 
pronounced ; the retained true strain at initial frac- 
ture was decreased by an amount approximately 
equal to 4 times the prestrain, 

The pronounced difference in the effect of pre- 
on the total ductility (also 


straining at 196° C 
unnotched 


retained ductility) at +25° C of the 


) specimens of the titanium and the alloy indicates 


that the effect of temperature on the mechanisms of 
deformation is considerably greater for the titanium 
than for the alloy. No information is readily avail- 
able on the specific deformation mechanisms of the 
4-percent-Al, 4-percent-Mn, titanium alloy either at 
room temperature or at —196° C. However, results 
obtained in studies on the mechanisms of deformation 
for titanium at different temperatures have been 
reported in several papers [6 to 10]. These studies 
show that the tensile deformation of titanium at 
~196° C occurs mainly by twinning, and also by 
some slip on the prismatic planes. The amount of 


| twinning, in general, decreased with increase in the 


temperature of deformation. The tensile deforma- 
tion at +25° C occurs by twinning, and by slip on 
the prismatic, pyramidal, and basal planes [6, 7, and 
4) 

The ductility behavior of the titanium specimens 
in the two-stage tests of 196° C and +25° C, 
respectively, may be partially explained on the basis 
of the above mechanisms of deformation and a 
tentative hypothesis as follows: Prestraining the 
specimens at — 196° C, in which the slip is restricted 
to the prismatic planes, exhausts a greater proportion 
of the total available movement of dislocations along 
the prismatic planes than the same amount of pre- 
strain under the more ductile condition at +-25° C, 
in Which the slip is distributed among the prismatic, 
pyramidal, and basal planes. Thus, the subsequent 
movement of dislocations along the prismatic planes 
in the second stage of the test at +25° C is more 
restricted for the specimens prestrained at 196° © 
than for those with the same prior strain at +-25° C. 
This embrittlement of the titanium increases with 
al increase in the prestrain at —196° C and results 


in a decrease in the total and retained true strains 
at initial fracture at +25° C. The hypothesis 
assumes that the initiation of the fracture of the 
titanium at +25° C is mainly dependent upon the 
exhaustion of dislocation movements on the pris- 
matic planes. 

It may be inferred from the apparent insensitivity 
of the ductility at + 25° C of the titanium alloy 
specimens to the temperature during the prior 
straining (prestraining to selected strains at — 196° C 
or testing in a single stage test at +25° C) that the 
deformation mechanisms of the alloy are not very 
different at 196° and +25° C. However, this 
inference must be considered with reservation due 
to the limited experimental data and lack of infor- 
mation on the specific deformation mechanisms for 
the alloy. 


4. Summary 


A study was made of the effect of the prior strain- 
temperature history on the tensile behavior of un- 
notched and notched specimens (60° notch angle, 
0.05-in. root radius, 0.35-in. diameter at root of 
notch and selected notch depths) of initially annealed 
commercially pure titanium and initially annealed 
4-percent-Al, 4-percent-Mn, titanium alloy. Three 
series of two-stage tension tests were made: In two 
series, the specimens were extended at +25° C to 
selected strains up to true strains of 0.08 or 0.12 and 
then to fracture at (1) 196° C or (2) +100° C; 
in the other series, the specimens were extended at 
—196° C to selected strains up to true strains of 
0.03 or 0.12 and then to fracture at +25° C. It 
was not feasible to conduct this series of tests on the 
notched specimens of the alloy due to the very limited 
ductility of these specimens at —196° C. 

The resistance to deformation of both the un- 
notched and notched tensile specimens of each metal 
at a selected temperature, in general, was nearly 
independent of the temperature of the prior defor- 
mation. The true stress-true strain data obtained 
in the single-stage tests and in the two-stage tests 
on the unnotched specimens indicate that the total 
work hardening (strain hardening, strain aging or 
recovery) of each metal during the extension to a 
selected strain is nearly the same at —196°, +25°, 
and + 100° ©. 

The tensile or notch strength and the true stress 
at initial fracture of the unnotched and notched 
specimens of the titanium and the alloy at —196°, 
25° or 4+-100° C, in general, were independent of 
the amount of prestraining. An exception to this 
general trend was observed at —196° C with the 
deep-notched specimens of the alloy that were pre- 
strained at +25° C to true strains above 0.04; the 
notch strength and true stress at initial fracture of 
these specimens decreased with increase in the pre- 
straining. However, the decrease in these values 
can be attributed directly to the very small retained 
ductility of the specimens at —196° C. 

The retained ductility of the unnotched and 
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notched specimens of the titanium and the alloy 
at —196°, +25°, and +100° C depended upon the 
prior strain-temperature history of the specimens. 
The retained true strain at initial fracture of the 
unnotched specimens of both metals at —196° or 

100° © and the alloy at +25° C, generally de- 
creased by amounts approximately equal to the pre- 
strain. However, prestraining the unnotched speci- 
mens of the titanium at —196° © the 
retained true strain at initial fracture at +-25° C by 
amounts approximately equal to twice the prestrain. 


decreased 


The prestraining of notched specimens of both 
metals also had a deleterious effect on their ductility. 
The retained true strain at initial fracture at —196 
100° C decreased with increase in the prestrain- 


or 
ing at +25° C. Moreover, the retained true strain 
at initial fracture at +-25° C of the notched speci- 


mens of the titanium was reduced greatly by pre- 
straining at 196° C; prestraining to a small true 
strain of 0.02 or the retained true 
strain at initial fracture by an amount nearly equal 
to 4 times the prestrain. 

The results obtained in this investigation indicate 
that neither the annealed commercially pure tita- 
nium nor the annealed 4-percent-Al, 4-percent-Mn, 
titanium alloy are subject to “rheotropic embrittle- 


0.03 decreased 


ment’’ as the prestraining of the tensile specimens 
at +25° C 
crease in their retained ductility at 


resulted in a decrease instead of an in- 
196° C, 
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Propagation of Very-Low-Frequency Pulses to 


Great Distances 
James R. Wait 


\ theoretical study is presented for the propagation of electromagnetic pulses at very 
low frequencies to large distances. The space between the earth and the ionosphere is 
represented as a wave guide with sharply bounded and concentric spherical boundaries. 
The concept of phase and group velocity and its application to the present problem is dis- 
cussed in some detail. The influence of the propagation medium on the shape of the envelope 
of a quasi-monochromatie pulse is also considered. Using an alternative approach, the 
response of an impulsive source is also calculated and is shown to be a damped oscillatory 
funetion of time with a quasi-half-period varying in a predictable manner with distance of 
travel in agreement with the observations of Norinder and Hepburn. 


1. Introduction 


In recent years there has been a renewed interest in the propagation of VLF (very-low- 
frequency) radio waves. The wave-guide model has been remarkably successful for the pre- 
diction of the field strength as a function of distance and frequency. In most investigations, 
both experimental and theoretical, the source varies essentially in a sinusoidal manner with 
time. It is of great interest, however, to have a knowledge of the transient characteristics 
of a pulse and the way it is influenced by the propagation medium. For example, if the re- 
ceived field strength of a lightning stroke is recorded as a function of time, one may ask how 
this waveform is related to the source current, distance of travel, electrical constants of the 
ground, and height and electrical properties of the ionosphere. It is the purpose of this paper 
to attempt an answer to this question on the basis of a theoretical study. 

A general analysis is presented in section 4, applying and extending the classical concepts ** 
such as phase and group velocity for propagation in dispersive media. Such an approach is 
particularly suitable for a quasi-monochromatic source wherein the spectral components are 
centered in a narrow band about some central or reference frequency. In section 5, an alter- 
native method is described that is applicable to broad-band sources which contain many spectral 
components. Extensive numerical results are presented for the parameters characterizing the 
shape of the radiated pulses. Finally, some reference is made to published experimental data 
concerning the waveforms of radio atmospherics. 


2. Quasi-Monochromatic Pulse 


In the present study, the earth is represented by a homogeneous sphere of radius a, and the 
ionosphere is idealized as a sharply bounded concentric reflecting layer at height A. The source 
of the field is always assumed to be equivalent to a vertical (radially oriented) electric dipole. 
At large ranges, the field ean then be represented as a sum of waveguide modes. 

The vertical electric field of any one mode at a range d can be written in the form (see sec- 
tion 7.1 


2rd 2nd 
' i x 


€(w@) A,e " ¢ a e'*, (1) 


Where A, is a slowly varying function of frequency @, uv, is a measure of the attenuation of the 
The results in this paper were reported at the commission 4 and 6 sessions of the International Scientific Radio Union General Assembly held 
n Boulder, Colo., August 22 to September 5, 1957. 
? See VLF issue of Proc. Inst. Radio Engrs. 45, June 1957, for papers by Budden, Pierce, Wait, and Watt. 
J. A. Stratton, Electromagnetic theory, p. 292 (McGraw-Hill Publishing Co., Inc., New York, N. Y., 1941). 
‘ITA. L. Al’pert, V. L. Ginzburg, and E. L. Feinberg, Radiowave propagation, pt. II, p. 364 (Moscow, 1953). 


47372258 5 187 








mode per unit distance, and s, is a dimensionless phase factor. The phase velocity is then 
given by | 
Vp € Sny (2) 
where c is the velocity of light. On the other hand, the group velocity of a mode is given by 
c ‘ 
v “J (3 
"# os 


——(Wws,) 
dw 


which can be written in terms of 77(—hA/X) as follows: 


P 
‘ ds, 


sat Hoy 


The group velocity, so defined, is a measure of the velocity of the envelope of the quasi-mono- 
chromatic pulse or group. For example, if the propagation medium were nondispersive, the 
signal might be represented by the real part of /)(¢)=A(t)e'*', where wp is the carrier frequency, 
and A(t) is the shape of the envelope as a function of time. In the simple case of a broken 


sinusoid, 
, T T ; 
A(t)=1 for 9 t 5 
. om T 
A(t) =0 lor t>T/2 and t<-—= 
The group velocity concept is valid only when the frequency spectrum, ; 
; 
y e , ' 
G (w) E,(t)e-*#"dt, 5) 
j ’ 


differs substantially from zero only in a small frequency band near the signal carrier-frequency 


wy. In the present case 


: Sin (w—wy) 7/2 
Gr(w 2 — ° (6) 
\W— Wy} 
The spectral width is given by Aw~1/(27) and this must be small compared tO w In other 


words, the period of the envelope must be long compared to the period of the carrier frequency. 
Now when the pulse propagates through the medium by a distance d, the field /j(t) of a 


mode becomes transformed to /(?#) whence 


l ; a ) 
I | wd) ¢ ( 7 G w (lw, ‘ 
QT 
e 
where 
Ww ml 
O\wW) 8 d S 
c nN 
and 
Qa 
Q\@W u 
h 


The coefficients afw) and o(w) are phase and attenuation factors of a mode as a function 


of frequency for the section of path of length d. 


Utilizing well-known properties of Fourier integrals,' * the spectral representations of the 
signals /,(#) and E(t) can be written 
E(t) =z A(t exp {i(@y—a) t’+ wf \dwd?’, 8) 
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and 


. at om , TT agit ' , 
E(t)=5 | i) A(t’)exp {i (wy—w) t’ + wt —o(w) }G (we~*'dwdt’. (9) 
The phase function ¢() is now written in a Taylor expansion, 
$(w) = (wp) + 2¢ ead 5 a 6" (wo) 4 eee, (10) 


where Q—=w—w. Neglecting terms containing 2, etc., it follows that 


4 


E(t)=exp [t (@ot- (ap) )]G (wp) e~ 2 “0? > 


[ ; i A(t’)exp { iat—1'—6 — $' (w)|—i 2 lwo) a ba dQ, (11) 
2r 


where the slowly varying factors have been taken outside the integrand. Introducing a new 


variable z defined by 
Z Ve alle] 2 Base Stef (12) 


og’ ( 
(Wo) 


in place of Q it follows that 


i exp { a E 66a) |} Grave a (wy) \y 
%-+-@ is 1/2 (t’ —t- ¢’ (wo) )? ai 
iZ l ea | A(t’ Jexp | i 6m) dt’, (13) 


| "exp | - Set | ae 1—1. (14) 


After a further change of variable, via 


(ft) : 


since 








t’ —7 ) ‘a , 
ro (Wo = ru, (15) 
¢’ ” (wo) 
we finally arrive at 
> | ” “| > sy ew P i, { , ‘ 7 . ul 2 ] ; 
I(t) = Exp { t[wot —G(wo) ] } Go) e~ 9 XK A[t—’ (wo) —y 7o"" (wo) ul exp ( 45 u ) u. (16) 
In the above, it has been assumed that $’’(wo) >0; if $’’(wo) <0, then by changing the sign in 


the substitution of variables one would have ./7/’’ (w»)| in os e of ng ro’ ’ (wo). 


Now if $’’(wp)=0 and noting that 


= , a ; ” 
| exp ( isu?) du: 1-1, (17) 


it follows that 
ki {)< Alt- o’ (Wy) le ro G (wp) ele $ 0), (18) 


To this approximation, the pulse has not changed shape, although the pulse amplitude has been 
modified, the phase has changed by an amount ¢(@»), and the pulse as a whole is delayed by the 
*s . 9) , ry . . iz} ¥ . . 
group time’ $’(w ). The effect of a nonzero value of ¥2@’’(w) is to modify the pulse shape 
ee footnote 4). To evaluate this phenomenon, the envelope must be specified and the inte- 
gration indicated in eq (16) must be carried out. For example, in the case of the broken 
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sinusoid extending from — 7/2 to 7/2, the integral in eq (16) can readily be transformed to a 


Fresnel integral, 
’ ] mee i . . nay 7 - 
E(t) =~ EXP { [wot — (wo) | exp] i5u? | du, (19) 
~ e/ u o 


where 
—@ T—0 
= . Us 


; 


uy 


; > 
\ ro’ ” (wy) \ 1o’’ (wy) 


and @=(7/2)+t—@’(w)). 6 is the time measured from the instant — 7/2+’(@). In the case 
of negligible dispersion of the pulse shape, $’’(w#») must be sufficiently small to enable uw, and u, 


to be replaced by —@ and +, and then 
E(t) ~exp i [wot (a) | for 0<0< T 
~vU for 6<0 and 6>T. (20) 


To illustrate the influence of dispersion, it will be assumed that the signal duration 7 is large 
compared to ¥7@’’(w)). Then the form of the leading edge of the signal is determined by 


, 1 ¢ -T . 
E(t)\= exp] i= {du . (21) 
a\ FJ, 2 
void 7 


The envelope |E(t)| is plotted versus the time parameter 6/y¥7@’’(w») in figure 1, a. It is now 
convenient to define a build-up parameter ¢,, which is the time measured from @=0 for the 


envelope |£(t)| to approach within 5 percent of unity. From inspection of figure 1 it is seen that 
tym4y xo’ (w ) sec. 


For numerical presentation it is convenient to introduce a dimensionless build-up parameter 


T, defined bv 
pee tvh? 7, 22) 
¢ 


where 


9 
“s 
n 


H? 


s 
9 OS 


- 0 
T,=|2 H 
= oH O 
The build-up parameter 7, and the build-up time f, are related by eq (22). The chart in 
figure 1, b, is to facilitate the conversion for a typical height of 70 km, and for various ranges 


d in kilometers. 
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3. Numerical Presentation of Waveguide Parameters 


| toa 


The important parameters in specifying the characteristics of pulse propagation in the 
earth-ionosphere waveguide are attenuation rate, phase velocity, group velocity, and the 

(19) build-up parameter. In general, these are functions of the dimensions of the guide and the 
electrical properties of the bounding walls. Those four quantities (u,, v,/c, »,/e, and T,) are 


plotted in figures 2 and 3 for mode number 1 (i. e., the dominant mode). 
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The abscissa is 











H(=h/d), which is the height of the ionosphere in wavelengths and may be regarded as q 
frequency parameter. 
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FIGURE 3. 
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The dimensionless quantity A is a ground conductivity parameter and is defined by A= 
G/H, where G=ew/c, in terms of the conductivity ¢, of the ground. 


Alternately, one May write 
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The dimensional quantity B is the corresponding parameter for the (assumed) sharply bounded 
ionosphere. It is defined by B= L/H, where L=w/w,, 


>, (plasma frequency)? 
and Ww, = w9/ Y=, 
collisional frequency 


In terms of the effective ionospheric conductivity, o;,° B is given by 


l 


Bue 
“600,h 


The curves in figure 2, a to d, inclusive, are for A=0 or o,~o. This assumption is valid 
for propagation over sea water for all values of HZ shown. The curves in figure 3, a to d, in- 
clusive, are for A=10~', which corresponds to moderately conducting ground [2.2 millimhos/m 
for h=70 km]. 

4. Analysis for Impulse Response 


The foregoing analysis is applicable to the description of wave packets wherein the spectral 
components are essentially contained in a relatively narrow band about the carrier frequency. 
In the case of a lightning discharge, the pulse contains many spectral components, and as a 
matter of illustration, if the current was in the form of a Dirac delta function, all frequencies 
would be contained in a uniform distribution. In this case and for other similar instances, 
it is desirable to use an alternative approach. In the following, it is assumed that the source 
is initiated at (0 and d=0. 

The most convenient description of the source is the (transient) waveform of the radiation 
component of the vertical field on a perfectly conducting flat ground plane at distance d. This 
field is denoted @)(¢) as a function of ¢ and its Fourier transform is 


FE, (w) -| é,(the*“"dt. (23) 


0 


If the source is a dipole carrying a current 7(¢) with a height A(t), both functions of ¢, then the 
radiation field on the (hypothetical) flat ground plane is 


om bh , ‘ 
€o(t) ol a ono) | . u(t’), (24) 


u(t’)=1 for t’>0 


where 


t’=t—to, to=d/c. 
0 for t’<0 
The field at range d of the same dipole source when located on a homogeneous spherical earth 
of radius a with concentric ionospheric reflecting layer at height A is denoted e(t), and its 
transform is 


kw) | e(the*#"dt. (25) 
0 


The relation between £(@) and /£o(w) has been previously derived (see footnote 2), and the 
final result is simply quoted here. 


ls (Dma 6 fy’ - x 2rd 
E(w) = d/a (2red)" ky (w) S37 53/25 nh!" iF (w) 26) 
4 (q@) : a Sy ~ On€ ¢ . (20. 
sin d/a h (iw)’? fF 


where wu, and s, are the attenuation and phase constants of the waveguide mode of order n, as 

defined in section 7.1, 695~4, and 6,~1 forn #0, and F(w)=(w/e)s,d—ot. The waveform of the 
electric field e(t) is now obtained from the inverse Fourier transform 

Vue a 

é(t) E(w) e'*‘dw. (24) 


») 


— 


The concept of an effective isotropic ionospheric conductivity is valid for o<<»10' and highly oblique (low-order) modes. 
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Unfortunately, the integration, except in certain limiting cases, cannot be carried out in closed 
form because u, and s, are not simple analytical functions of w. In view of the fact, however. 
that extensive numerical data is already available for u,, s,, and related functions, it seems 
desirable to evaluate the integral by an approximaie saddle-point procedure. The integrals 
to cope with are of the form 


a | G'(w) ¢ iP Ce dw. (28) 
e 
G(w) can be assumed to be slowly varving compared to F(@). The saddle point of Fw) is at 
w=w,, Which is a solution of 
OF (w) 0 
Ow 
Expanding F(w) in a Taylor series about w, leads to F(w) = F'(w,) +|(@—w,)*/2] F’’ (w,) +terms 
r . 


containing (w—w,)*, ete., where 


re LES]. 


Retaining only the first two terms in the expansion for F(w), the integration can be carried 


out to vield 
14 l6 
T oa. T . 
I~ sa G (w,)¢ FC we) 4 ty (r* (aw, )¢ Plwa), (29a) 
2iF'”’ (w,) t —2iF”’ (w,) 


where the asterisk denotes a complex conjugate. When the current is in the form of a unit 
impulse or Dirac delta function, the radiated field @(¢)/is a doublet impulse function. That is, 


é(t)—h6’'(t (29b) 
where 


7 . wt—A)—2u(t) +u(t-+ A) 
6’(¢)=Lim 


\ A? 
Therefore, the Fourier transform is 
hi (w Ky iw. 29¢ 
In this important case 
() EB dia '2(2red) l 7 a Se 20) 
T\W vr . ° (4@) “8, ¢ ; ne (50) 
‘| sin d/a h , ho : 


Therefore, the transient response for the impulse current source is given by 


’ d a & 2 
t)~kE] -. (27): S56, (ft), 31) 
E d a ( h ) —_ : 


where 
cos F'(w,) 2rd 
¢,(t H1,)**[s,(@,) P” exp U,(w,) | 32) 
y gf Ww.) h 

because 
on dds, d Ps, hd ry 9 < 
I Ww z “ Ww - = (T,(1 )|*. 33) 

ecdw'c de @ 


The quantities /7,, s,(@,), u,(@,), and 7,(/7,) are the values of 7/7, s,, u,, and 7, evaluated 
at the saddle point w=.«,. 

It can be readily seen that the equation for determining the saddle point is equivalent 
to finding the value of /7 (or w) that satisfies 


‘ 34) 


x, c ct 


Because v,(/7)/c is a smooth monotonic function of /7, the saddle-point value /7, (or @,) is readily 


determined by using a simple graphical procedure for any specified value of ¢. 
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5. Application of the Impulse Responses 


The response of the waveguide to an impulsive current source is shown in figure 4 for various 
ranges. The quantity plotted is e,(t) given by eq (32) with n=/. This is the waveform of 
the dominant mode for the typical daytime conditions (k=70 km and L/H=0.1) and prop- 
agation over sea water (.A~0). It is interesting to note that the pulses have the appearances 
of damped sinusoids. The oscillating nature of the curves is not due to the source which is 
impulsive, but rather is a result of the modal characteristics of propagation medium. In 
general, the initial quasi-period (temporal length of the first half-eycle) is becoming progres- 
sively shortened with increasing range, whereas the oscillatory nature of the pulse is becoming 
enhanced. In each case the frequency of the latter part of the waveform seems to be approach- 
ing about 9 ke (i. e., a half-period of about 56 usec). 

It is desirable to repeat this calculation for a source current of finite duration. For 
example, if the current dipole moment is proportional to ae~** then the Fourier transform 
of the primary field @9(t) is . 

— aks 


hy (w) =F; = (35) 
ate 
which replaces eq (29¢). The transient response, denoted bv ¢,(a,t), is thus given by 
‘ a cos [F'(a,) +Y(e,)] — 2nd 
e,(a,t) = (H,)'*[s,, (@,) })/? —— —— exp] - u,(w.) | (36) 
| | (a?+-w*)3 Ty (ws) h a si 
where ¥(w arctan (wa). Asa tends to ~, ¢,(a,t), of course, approaches e,(t), which is the 


impulse response. 
The response ¢;(a,t) for ihe dominant mode at d=3,000 km is indicated in figure 5 for the 
same daytime conditions as the curves in figure 4. Various values of the time constant 1/a 
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are indicated on the curves. The impulse response corresponds to the case l/a=0. The 
general nature of the curves is very similar. There appears to be a shift in the phase of the 
cycles but the quasi-half-periods are essentially unchanged. 

A more realistic waveform for the current dipole moment S(t) of a lightning stroke is a 
pulse which rises up smoothly from zero to a peak value in about 10 or 20 usec and then decays 
to zero somewhat more slowly. Examples of such pulses are shown in figure 6, where S(t) 
is of the form 


S(t) = ale-*—e-@ }, (37) 
with a; >a. The response é,(t) to this composite exponential source is then simply obtained 


by superposition of the exponential responses. For example, 


- Qa 
é,(t) =e,(a,t) ——e,(a;,,?). (38) 
a; 


Employing the three particular forms of source current S(f), the response ¢,(¢) for the dominant 
mode is shown plotted in figure 7 for typical daytime conditions over sea water. The curves 
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1, A™O, A=70 km, L/H=0.1) d=3,000 km; forms of S(/ 


again are very similar in appearance to the previous response curves for impulse and single 
exponential sources. The effect of finite rise time of the source current is to reduce the ampli- 
tudes of the peaks in the initial part of the waveform. 

It is rather important to note that the quasi-half-periods are not appreciably influenced by 
the nature of the source pulse. It would therefore seem justified to compare the variation of 
the quasi-periods with range for the calculated impulse responses and the experimental wave- 
forms of Hepburn.’ Such a comparison is shown in figure 8. The solid curves are the calculated 
quasi-half-periods in microseconds for daytime conditions as a function of range. Only the 
first five half-cycles are shown. The corresponding data from Hepburn’s paper is shown by 
the encircled numbers which indicate the order of the half-evele. The agreement is quite 


reasonable. 


? F. Hepburn, Wave-guide interpretation of atmospheric waveforms, J. Atmospheric and Terres. Phys. 10, 121 (1957 
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2)From Hepburn’s measured waveforms. 


The calculated variation of the quasi-half-period with range and time are also in good quali- 
tative agreement with Norinder’s § observed waveforms who first pointed out the characteristic 
transformation of the quasi-half-periods. 

The transient waveforms presented in figures 4 to 7 are the dominant (n=1) mode only. 
The same procedure can be used to calculate the higher order mode responses. At ranges 
exceeding about 2,000 km, these do not contribute appreciably to the total field for the range 
of times shown on the curves. 

The transient response of zero-order mode can also be important for longer times. It 
corresponds to what has been called the “slow tail’ in atmospheric waveforms. Again for the 
range of time shown in figures 4 to 7 it would not be significant. For the sake of completeness, 
a short analysis of the transient response of the zero-order mode is presented in section 7.3, 


6. Conclusion 


The analyses and results presented in this paper should be useful in the interpretation 
of experimental results for the propagation of pulses to large distances over the surface of the 
earth. It appears to be desirable to separate the transient analyses into two parts depending 
on whether the source is a quasi-monochromatic pulse containing a narrow band of frequencies 
or an impulsive type having many spectral components over a wide frequency range. The 
parameters describing the propagation of these two classifications of pulses have been presented 
in graphical form. 


7. Appendixes 
7.1. Waveguide Modes °® 


The earth is taken to be a homogeneous sphere of conductivity o and dielectric constant e. 
The lower edge of the assumed homogeneous ionosphere is taken to be at a height h. The 
collisional frequency is vy and the plasma frequency is @». 

Assuming that the source is a vertical dipole radiating P kilowatts, the vertical electric 
field in millivolts per meter at the great circle distance d in kilometers, for a time factor exp 
(twt), is given by the mode sum, 

E=E,W, 
§H. Norinder, The waveform of the electric field in atmospherics, Arkiv for Geophysik 2, 161 (June 1954). 
*J. R. Wait, On the mode theory of VLF ionospheric propagation, Geofis. pura e Appl. 37, 103 (1957). 
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where 


3/2 -27S,,(d/r)t (1.1) 


S< 


L6 jj Lo 2rd 7 
We} — (d/a) : (d/d) a _ | 376: 
sin (d/a) (h/X) —— | 


E _300VP . 1 -8in (4xC hr) ~} for n=0 
ae (4rC,h/d) ~1 for n+0, 


where S,=(1— C2), and C, is a solution of 
R (COR (Cyexp(—4miCh/d) = exp(—i2m). (1.2) 


R,(C) is the Fresnel reflection coefficient at the ground for a plane wave whose (complex) 
angle of incidence is the are cosine of C, and R,(C) is the corresponding Fresnel reflection 
coefficient at the lower edge of the ionosphere. 

It follows from the previous analysis (see footnote 9) that 


(KG—i)C—[(K—1)@?—iG+ OG" 


R,(C)= wor = aa? (1.3) 
(KG—i) ¢ Tt | (K- 1) G?*—1G+-C°G?) . 
where K=e/eo, and G= (ew)/o, and 
N?C0— (N?—S?)’ 
R,(C) == - — ; 
. N?C+ (N?—S?) ta 
where '° 
N?~] lL l i(w, W), Wr = wp) P. (1.5) 
The complex values of S,(n=0,1,2, . . .) satisfying eq (2) have been obtained from an 


automatic computor by using a program devised by H. H. Howe. When Z is small compared 
with unity, it was shown previously (see footnote 9) that 


; An\? , nN ‘30/4 ’ €, )) 
s.x[1-(3) | ~~ 4ah ‘ villian [-QyT " 


where 


t=). 6.76 *O). (1.7) 


The above formula for S, is particularly suitable for very low frequencies, in which case 
only the zero mode is of any consequence. 

The exponential term inside the summation of eq (1.1) determines, in the main, the 
propagation characteristics of the modes. It can be rewritten as follows: 


2m — 12m 
exp[—72xS,,(d/A)]=exp [ rw. Jexe | 8, b (1.8) 
( / 


where 4%, ImS,(h/d), and s,=ReS,,. 
7.2. Transient Response of Ideal Waveguides 


Most of the complications in the waveguide mode theory of VLF ionospheric propagation 
are due to the finite conductivity of the bounding walls. The characteristics of the modes are 
obtained only from a numerical iteration procedure. When the losses in the walls are negligible, 
it is possible to derive somewhat simpler forms for the transient response and associated 
parameters. 

Assuming that both walls of the waveguide are of perfect conductivity, the phase velocity 


Vy l 2 “ 
* & [1 (7) | ~* 


10 These expressions for the effective refractive index which tacitly neglect the earth's magnetic field are valid for VLF and small values of C. 
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and the group velocity by 


Furt hermore, 


F(s)=F(H): a xs-{ as y)a— eet (2.3) 


and, consequently, the saddle point is obtained from 


oF (A) 0 (2.4) 
oH : 
which is satisfied by 
H=H,=2&, (2.5) 
where 
X =[(ct)?—d*]*. (2.6) 
Consequently, 
xX : 
F(a) =-——— (2.7) 
h 
Tr o” 2 XxX! , 
, iS 2 = s,H —_— - ? 2.8 
[7] | sr a (=e (2.8) 
and 
8,—8,(H,) =d/ct. (2.9) 
Inserting these values into the saddle-point formula given by eq (32) leads to 
n & rnX> 
e,(t): (5 xc cos ( 7 ); (2.10) 


for a=-1,2,3..... 

The preceding formula is the waveform for the vertical electric field at range d on an ideally 
perfectly conducting earth with a perfectly conducting ionosphere at height h. It is valid for 
large distances such that d> >A and X, : 

If the upper boundary was a perfect magnetic conductor (phase shift of 180° on reflection 
rather than 0°), the preceding formulas are modified by replacing n by n—}. 


7.3. Transient Response of the Zero-Order Mode 
The saddle-point method is valid only if the function exp[—7F(w)] is rapidly varying 


compared to other factors in the integrand of the inverse Fourier integral. For mode zero this 
is not so, but in this case it is known (see footnote 9) that 


9 
2rUy , - w I i\é.. 
4+-i3— d~( + ) (Yaw) *?, (3.1) 
h Cc AW a/c 
where 
apy om: 2h and a, My oe 2h. 


Therefore, for the impulse current source, 


: | Oe d/a 2(Qred)*? .. ., djl l . 
4 (w) & w)’? eX _—- --+-— } (tw) ” (3.2) 
; 2 E d ,| h “ exp c = a ) , 
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The transient response é(¢) of the zero-order mode is thus given by 


v4 


l ' ’ 
é (Q=5- E(w) e'**'de, 


where t’/=t—t). This can be evaluated to vield 


14 ” 
7 dja ’ Cc 
e(t)=E, (29) **5 seg (t) +3, (3.3) 
sin d/a h? 





where 
4 (h\3/h 1\" . 
= Aa) (MG) (<) Pt), (s.4) 
and - 
P(g/t’) (£-1)(5) ene’, (3.5) 
with | 


p= ¢ \(2 ) and S acidibince 


) 
2h} \o VT VO; VO% 


, 


The transient response is thus proportional to the characteristic function P (6/t In view of 
the combination in which the ionospheric conductivity o, and the ground conductivity o, 
occur, and because o, o,, it follows that o~o,. The transient response of the zero-order 
mode does then not depend to any extent on ¢,. The function P(8/t) is plotted in figure 9 as 
a function of 7, where T7=t'/8. The multiple scale shown at the bottom of the figure is to 
facilitate the conversion of the parameter 7 to actual time in microseconds. 
The transient response of the zero-order mode has been studied extensively by Schumann." 
1 W. O. Schumann, Uber die Oberfelder bei Ausbreitung langer elektrischer Wellen um die Erde und die Signale des Blitzes, Nuovo cimento 


9, 1 (December 1952). 
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Ficure 9. Zero-mode transient response for impulse sourec. 
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7.4. Justification of the Saddle-Point Method 


It is worth while to examine the transient calculation from a slightly different viewpoint 
in order to give further justification to the use of the saddle-point method of integration. When 
the earth and the ionosphere are represented by perfectly conducting planes with constant 
separation h, the magnetic field on the earth of a vertical electric dipole on the earth is a sum of 
modes of the type 

—s = Oh 
H,,(@) = ad’ (4.1) 


where 7, is a 2-directed Hertz vector given by 


ix rn? \” 
. '_ptwt (2) R oe 9 
| au( 1") ] (4.2) 


apart from a constant factor. HQ is the Hankel function of the second kind for an impulsive 


0 


current source (i, e., current moment proportional to 6(¢)), the magnetic field of a mode is then 


given by 


e@f” . som » mnie? d - 
h, (t) had). ei et FI? (w?— he? ) “| du. (4.3) 
This integral can be evaluated * ® to vield 
Oc mX 2. mX ct +X 
h,,(t) - >} cos —-—s or , 4) 
” hoax "hh T a log. d ] 44 
where Y=[(et)?—d*]*. When XY << et ordand d >> h, the term containing the logarithm 


is negligible, and consequently 


hace) Pee { cos (MX) 420% sin (™X) }. (4.5) 


This latter form could have been obtained directly from eq (4.3), using the saddle-point pro- 


cedure adopted in the main body of the paper. 


7.5. Symbols 

angular) frequency, 
d= distance from source to observer measured along the surface of the earth, 
h=separation between the earth and the lower edge of the ionosphere, 
\= wavelength in free space, 

attenuation factor of the waveguide mode of order n, 

phase factor for a mode of order n, 

velocity of light in free space, 


phase velocity of a mode, 


vp, =group velocity of a mode, 
Hl h A, 
y(t form of undistorted signal, 


AC envelope of undistorted signal, 
carrier frequency of undistorted signal, 
T= duration or rectangular envelope, 
(;(w) = Fourier or frequency spectrum of Ep), 
E(t)=form of signal after propagation through dispersive medium, 





2 N. W. MeLachlan and P. Humbert, Memorial des sciences mathematiques fascicule 100, 34. Paris (1941). 


1 


2K G. Budden, The propagation of a radio atmospheric, 42, 1 (January 1951 
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2rd 


O\w) Sn and 
» 
2rd ia , } 
a(w Un) are phase and attenuation factors of a mode as a function of frequency for a range d, 
t 
t’=an integration variable in eq (8) to (15), 
Q=w—w, AN expansion parameter, 
’ (wo) [do(w dw|y—wo; 
"" (wo) = [d?#o(w) /dw*),—0, ’ 


and w=limits of integration in eq (19), 


, 
é=the time measured from the instant > +o (wo), 


t,=time from @=0 to the point where the envelope approaches within 5 percent of unity, 
T, a t,, a dimensionless build-up parameter, 
2y 2dh 
«>= 8.854 X 10-", permittivity of free space, 
.~ conductivity of the ground, : 
(1 = €qw! Og, 


A=G/H= 1/60e ,h, 
wo= (angular) plasma frequency, 


o 


»y=(angular) collisional frequency, 


2 
Wr Wo/ ¥, 


o, effective ionospheric conductivity, [ 
L=w/we, 
B= L/H=1/60e;h, ' 
éo(t) =the radiated electric field for an ideal flat perfectly conducting ground plane, 
Fo(w) =the frequency spectrum of Z(é), 
i(t) instantaneous average current of the source dipole, 
h(t)=instantaneous height of the source dipole, 
6(t)= unit impulse or Dirac function, . 
u tr 10-7, permeability of free-space, 
t, dic, ' 
i’ / i 
e(t) resultant field of (transient dipole sources, 
E(w) =the frequeney spectrum of e(¢), f 
a=radius of the earth, 
5, ™1 for n¥0, 
~} for n=0 (see eq (1) for more accurate definition), 
F (a) =~ syd — oot 
( 
w, =the saddle point of F(w), 
| OF constant of proportionality In eq Ob 
6’(t) = doublet impulse function, 
T,(H,) = Ty, value of T, at the saddle point H=H,=w.h/2re, 
C,—cosine of the (complex) angle of incidence of the mode of order n at the bounding walls in the 
waveguide, 
S, 1—C?)*, 
«dielectric constant of the ground } 
K €/ €9, ' 
V2= 1—21/L=1—iw,/w, 
t, —2 for n+0, 
@= Il, 
X =[(ct)?—d?]**, 
d Ge \™ € "= 
(a )L(S) +(2) J ) 


P(x (= 1) z)%2e 4, 


I1o(w magnetic field of the nth mode of a dipole source in a parallel plate wavegu 


the corresponding -directed Hertz vector. 
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8. Addendum 


Because of certain normalizations, the distance d between transmitter and receiver is 
measured in terms of the great-circle distance at height 4/2. The phase and group velocities 
shown in figures 2 and 3 should then be multiplied by (1—h/2a)~0.995, if referred to the great- 
circle distance on the earth’s surface. In other places in the paper, this correction is negligible 
and can be ignored. 

It should be noted that the correction factor (1—A/2a) can vary because of changes in 
height of the ionosphere and changes in the effective earth radius a. For this reason the veloci- 
ties were presented in figures 2 and 3 in uncorrected form. 

There is a further modification to the attenuation factors when a more recondite mode 
equation is employed.’ — It appears that the attenuation factors are increased by as much as 
50 percent for /7>4 when n=1 and A=0 but less for other values of n and A. This will not 
change the appearance of the waveform shapes for the range of time indicated in figures 5 to 9. 


The numerical results in section 3 were obtained by H. H. Howe and A. M. Conda, and 
those in section 5 were obtained by W. E. Mientka. Many helpful suggestions were received 
from K. G. Budden, A. G. Jean, E. A. Lewis, K. A. Norton, and W. L. Taylor in the course 


of this work. 


rhis equatior 


BovuLper, CoLo., December 18, 1957. 
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Transmission and Reflection of Electromagnetic 
Waves in the Presence of Stratified Media 


James R. Wait 


\ general analysis is presented for the electromagnetic response of a plane stratified 
medium consisting of any number of parallel homogeneous layers. The solution is first 
developed for plane-wave incidence and then generalized to both cylindrical and spherical- 
wave incidence. Numerical results for interesting special cases are presented and discussed. 
The application of the results to surface-wave propagation over a stratified ground is con- 
sidered in some detail. 


1. Introduction 


In the analysis of antenna radiation and kindred problems, it is usually necessary to 
consider the inhomogeneous nature of the surrounding media. A good example is when an 
antenna is located over the surface of the earth. In many cases such as this, it is permissible 
to regard the ground as a semi-infinite medium with a plane surface. Furthermore, this half- 
space can often be idealized as a homogeneous medium. As long ago as 1907, Zenneck [1]! 
showed that a solution of Maxwell’s equation could be obtained for such a region by matching 
certain wave functions at the interface separating the two half-spaces. His solution was 
characterized as a wave which propagated along the interface without change of waveform 
with a velocity greater than that of light and was exponentially attenuated with height above 
the interface (towards the air). 

In 1909 Sommerfeld [2] presented an elegant solution for the fields of dipole sources 
(electric and magnetic) which were located in the air over a homogeneous flat earth. In the 
final reduction of the integrals to a form suitable for computation, a small but significant error 
was made. This error was first pointed out explicitly by Norton [3], but not before many 
had accepted the earlier solution. To compound the confusion, it turned out that Zenneck’s 
surface wave was very similar to Sommerfeld’s solution in his 1909 paper. Since that time 
a large number of papers have appeared treating this subject. The confusion that remains 
is largely due to the differences in terminology. 

The discussion given here relates to three related aspects of this problem. The first is a 
general analysis of reflection of plane waves from a parallel stratified medium consisting of 
M homogeneous slabs, the second is the extension to a line source over the stratified'medium, 
and the third is the generalization to dipoles or current elements over the stratified medium. 
A special case of the latter is when the number J becomes 1, corresponding to the Sommerfeld 
problem for a half-space. 

2. Plane-Wave Incidence 


A plane wave with a time factor exp (/wf) is incident at an angle @ on a stratified medium 
composed of .\f homogeneous layers. The electric vector is in the plane of incidence (x2 plane). 
The situation is illustrated in figure 1 where the y axis is out of the paper. The electrical 
constants of the lavers are om, €m, and wm, Where the subscript m indicates the mth layer below 
the surface. 

From symmetry it can be seen that the magnetic field has only a y component and for 
the mth laver, it is a solution of the equation 


(V?—y'> mn) ny =9, (1) 
where 


Y m= to mhmO— Emm - 


Figures in brackets indicate the literature references at the end of this paper. 
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Phe general solution is of the form 
Hay= {lene *™ +-6,,c""|e—™, (2) 
where 
7 ts T Ym 


and \ can take any value. The incident field 77" can be written 


Hine — Hye 200 02 >< ¢ V0 0, 


Therefore, in eq (2) doe ““e”™ can be identified with 77S if ag—T1) and Ayo sin 6. Con- 


sequently, bye“*e~* is a reflected wave, and the angle of reflection is @. 
The boundary conditions at the interface -=0, 2=2,, . . ., 2=2-; are that the tangential 


fields should be continuous. Now since 


ol, 
/ Cn (Ww Y >) 
7 € Q- 
this means that the boundary conditions can be written 
| | a: 
oH, ; ) oH, | 4) 
o We : OT», WE 
0 0 


where m ee 2 ‘ M-2, M-1 
Imposing the condition that only outgoing waves are permissible in the lowest layer 
(which is semi-infinite) it follows that b6,—0. The boundary conditions then lead to 2CM-1 


equations that are linear in a,, and 6,, to solve for 2(\/-1) unknowns in terms of the known 


coefficient a The solution ? is 
> Ka—-Z ‘ 
a Kot+Z "7 
where 
, - Z,+K, tanh uh 
a= i K,+Z, tanh uh 
h=-K Z,+ kK, tanh wh, 6) 


*K,+Z, tanh uh, 
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Ficure 2. Transmission line analogy for the stratified medium of M layers. 


7.—K ZmnaitK,, tanh U mlb 
ase " Ka t+Zmyi tanh Uphm 


Kyt+Ky_, tanh Ung — yh w—1 


Lu K. _ ea —-_rn Y ? 
va 'Ky-1+Kuy tanh Uyy—yha_; 


where 


u ® 1 >\1 
_———, and u,,=(A?+22,)’2. 
TT LWE », 


Ky, 
(Note that hy is the thickness of the mth slab). 

The quantity bo/ao is the ratio of the amplitude of the reflected wave to the amplitude 
of the incident wave. It is denoted by R, to indicate that the electric field of the incident 
wave (and also that of the reflected wave) is in the plane of incidence. 

The present problem has a well-defined analogy in transmission line theory. 

In this analogy each section of the multiple tandemed line is to correspond to a slab, 
The voltage across the line is /,, and the current is //,,, for the mth section. The propaga- 
tion constant is wu, and the characteristic or surge impedance is K,, of the mth slab. The 
incident wave that comes from the left in figure 2 is given by doe~“e?, and the wave reflected 


at the junction, z=0, is b,e"°*. The input impedance of the line that is the ratio of the voltage 
to the current at z=0, is Z,. Furthermore, the impedance at the junction 2= 2» is Zm4:. With 


this analogy and a knowledge of the behavior of one-dimensional transmission lines, one could 
write down the solution of the two-dimensional reflection problem. 

Some features of the wave problem will now be discussed. The quantity Z, will play an 
important role in the following. Since 


Zi Eu: Hu); ) E.. H,,). O» 


it is called the surface impedance, being the ratio of the tangential fields at the air-ground 
interface. In the ease of normal incidence, @=0 and \=0, so that w,,=y,, and K,,=, where 


. 1 
Ym [2 mbm Emim® | 
and 
. . 1 
Nin = [Uibm@/ Om + 1€ mo] 
For example, in the case of a homogeneous ground (h,—> © 
Z:=m, Ke=%, 


and the reflection coefficient becomes simply 


R by No ~ 
lo No T un 
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Another special case of considerable interest is when @ approaches 90° corresponding to 


glancing incidence, then 
Um (ya—vi)"?, Ain Ya—va)’2/ (m+ Wen), 
which vields for the homogeneous ground 
Z,=K\=n(1 ¥ vi)". (8 


This special value of 7,;, which relates the tangential fields in the limiting case of glancing 
incidence, turns out to be an important quantity in further work. For this reason, it is de- 
noted by Z°, where the superscript v indicated that the electric field in the air is nearly ver- 
tical for |y,|>>|yo!. This fact can be shown by evaluating the wave tilt, which is defined by 


and is the complex ratio of the horizontal to the vertical electric field in the air just above 
the ground. It readily follows that for the general case [4] 


W E../Hy, WZ 
: - ayy (10) 
Ky ./Hoy,_j--9 Yosin@ 
Fora homogeneous ground 
ad Ls 
, 1—— sin?@ ) 
WW Lwen kr, Un Yi - 
YoSInO sin @ 


which for grazing incidence becomes 


I >» 1 


, ® v0 \? Ki \Yo Yo (19) 
Ww=74 1-4) =( Ja *): (12) 


No vi Mo 


For radio frequencies (o~10°) and moderately conducting ground (¢~10~%), (yo/y;) is of the 
order of 10~*, and thence W is small and hence |,,| is much greater than | F),!. 

To indicate in a simple way as is possible, the influence of stratification on the reflection 
of waves from the ground surface, a two-layer case will be considered. This is effected by 


letting h,—>o. Furthermore, it will be assumed that |y;/yo! and |y2/yo! > >1. Then for any 
angle of incidence 
all \% 
Uy, mh 1—-"* sin? a) 475 (m== 3. 2). 
Yun 
and 
. Un 
K n ° & Nee m i, a 
Om bEn,W 


This leads to the simple relation 
Z,™=UK,, (13) 

where 

1/¥2) 7 tanh vihy 


for | > 0> 
1+ (1 y2) tanh yh - aie 


and where @ is the correction to the characteristic impedance A, of the upper laver to account 
for the presence of the lower layer. Note then, if !y,h;/>>1, (G@~1. It can be said that the 
lower layer is not detectable when |Q| is within 5 percent of unity. Such a condition is met 


when (op 9w)”*h > S. 
It should also be noted that i relates the wave tilts for a stratified (two-laver) gcround and 
that of a homogeneous ground by W~W,, where 
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g to Wo W)n,=0- 
An example is here quoted to illustrate the order of magnitude of the quantities involved: 


Frequency, f w/2r—125 ke 

Upper layer conductivity, ¢,=10-? mho/m, 

Dielectric constant of air, ¢,-=8.854>10-" f/m, 
(8 Dielectric constant of ground, ¢,=10-€, 

Magnetic permeability, z=42 1077 h/m. 





























"ing 
de- For these values, Wy=—0.082/41.1°, for a homogeneous ground. In the case of a two-layer 
ver- ground where fh; is finite, 
by W=W,Q 
' 0.082/Q|/41.1°+-q, 
(9) — 
! ‘ bs , , , : 
where g is the argument of ( expressed in degrees. For frequencies of this order, «w/o, and 
, . / > . lé 
ove éw/o. are small (in the above example ¢w/o,—0.0069). Therefore, y;~(ioiuw)” and yx 
(io.uw)’. A formula suitable for computation of Q is then given by 
; 
(o,/o2)**+ tanh iv 
10) j Qe — (14) 
1+- (¢,/02)*tanh yi) 
=tanhf[,/7 V+-tanh-!(o,/0)*]. 
Wn If o. >> o, corresponding to a highly conducting substratum, 
Q~tanhiV (15) 
' 
or if o. <<, corresponding to an insulating substratum, 
; . P 
12) Q~cothy i} e (16) 
In the above example, the parameter V can be replaced by h,/10, where h, is the thickness 
he of the upper stratum in meters. The function Q and its argument gq are plotted in figure 3a 
and 3b as a function of V for various values of the ratio o2/o;. 
on 
by -——— - Ssisecatecancnieesateiiatciicatii 
ny | b 
i ; 
_ 
; 
| 20° 
| ———e 
} q | 
i = — 
3) } ; . 
? b s0° 
AN : . L art*é« 04 05 10 20 30 40 50 
-_ aP>- 
1e | LZ _ 1 Pos 
el t ae - 
S Figure 3a. Amplitude of correction factor for a two-layer 
d — st - mteal ground. 3b. Phase of correction factor for a two-layer 
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3. Extension to Perpendicular Incidence 


In the preceding problem, the incident-plane wave has the electric vector contained in the 
plane of incidence (and the magnetic vector parallel to the interfaces). For this reason, it 
is termed ‘parallel incidence”. The other important case is when the electric vector is per- 
pendicular to the plane of incidence. This is termed “‘perpendicular incidence’’. 

Again choosing the plane of incidence to be the (xz) plane, the incident wave now has only 
a y component of the electric field. By analogy to eq 2, the general solution is of the form 


a [7,6 U2 | Pint Mm? le yr (17) 
where u®,,=+¥m, Gp is the amplitude of the incident wave, by is the amplitude of the re- 
flected wave, and hy=—0. In this ease, 
:, OE, 
i pmold ns oy , (18) 
so that the boundary conditions now become 
Ea-1, y=En. 
/ | : » Ole « 
UpLm—1W : (Uptmw) * (19) 
Oz Oz 


These are transformable to the boundary conditions for parallel incidence by making the 
substitutions: F,,, for H,,, iumw for o»+-7e,w. Then using the previous results, the solution 
for perpendicular incidence can be written down: 


b, N, -Y, 
_— . ~~ 20) 
lp No +} l 
where 
y Nee i + Vn tanh Wnbem 91) 
Ni +Y ma, tanh u,,h,, 
for m=1,2,3, ...,M—l and 
Vue Nag 
In the preceding 
| etn 9 
I MW 


where, as before, u,,=(+y¥,;) 
The quantity bo/ao, which is the ratio of the amplitude of the reflected wave to the incident 
wave, is denoted by 2,. There is a similar transmission line analogy for this problem, which 
need not be pointed out. 
In analogy to the surface-impedance function Z,, the quantity ), is a surface admittance 
and is given by 


a a) Se (23) 


In the case of a homogeneous ground at glancing incidence (@->7/2), it follows that 


Y,=N,= (1/m)(1—9/77)”, (24) 
which is denoted }”, where the superscript A indicates that the electric field is horizontal in 
contrast to the near vertical electric field associated with Z’. It is interesting to note that 

Y*Z°= (1—¥7;/7%), (25) 


and for |y; 


yi|, Y*Z'~1. 
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4. Impedance Matching and Natural Oscillations in Stratified Media 


In this section, some remarks will be made concerning the nature of extreme conditions 
where the reflection coefficient on a plane stratified media becomes zero or infinite. The dis- 
cussion will be confined primarily to parallel incidence, although the results are easily carried 
over to perpendicular incidence. 

As indicated, the reflection coefficient Ry is given by 


ee Ky—Z, 


Rh “5? (26) 
Ky+Z, 
W here 
aa . > D9 ,le;e 
Ko= Uo/twen= (X?— ko)? /iwe 
and Z, is the normal impedance at the interface z=0. In the case of a homogeneous half 
space (h, » 
» - , 5 e 916 » 2 . — 
Z, = Ky= y/ (0, + iwe,) = (4? +1)” / (04 +iwe). (27) 


The condition for matching is that 2)—0 corresponding to the absence of a reflected wave. 
This requires that 


Ky Zi. (28) 


For a homogeneous half-space, the condition is simply 


K,=K,, (29) 
which, when solved for \, yields 
A= 4 E mrs f (30) 
Mo/YomHi/41 


In the case of no magnetic permeability contrast (4;= yo), the above simplifies * to 


ir i Rit. =9 (31) 
(yi tT Yo)” 


and if both media are perfect dielectrics y,=ik; and yo=iko, 
A= +737 Ht’ (32) 


But, since A=, sin @, the preceding equations for a condition of matching can be employed to 
determine the angle of incidence when there shall be no reflection. In the case of the two 
dielectric half-spaces, the condition is 
; ky rag) 
sin @ I (k?4 ke2y 32” (33) 
or tan 9= + (Ay/ko). This latter equation is well known from optics, and there the angle @ is 
known as the Brewster angle, and the ratio k,/ko is called the relative refractive index. 

It is indeed very interesting to observe that if k, is not real, (or y; not imaginary), the 
quantity or @ required for matching is complex. That is, in the language of optics, the 
Brewster angle for an absorptive homogeneous medium is complex. The existence of plane 
waves with a complex angle of incidence will not be discussed at this stage, but it is interesting 
to note that the so-called Zenneck surface wave is very similar to the disturbance propagating 
along the interface, when there is a condition of wave matching. His solution is briefly 
described below. 


In this case the wave tilt 1 yo/yi, a8 can be deduced from eq. 11 
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Zenneck [1] postulated that a surface wave could propagate along the interface z=0 
between two homogeneous media. He assumed that in the upper medium (2<0) 


Hoy= bet %*e- ™*, (34) 
and in the lower medium 


FH, .=a@,e7 *%e" ™, (35) 


for propagation in the z-direction. The signs prefixing uv and uw, were chosen to insure that the 
field decayed to zero for |z|->~. The corresponding electric fields are then obtained from 
Maxwell’s equations, 

Evy Kobe" ™, (36) 
and 

Fyy= Kyaqye“"7e" ™”. (37) 


The boundary conditions then require that b);=a,, and 


. . Uo , Uy 
K,+kKk,=0 or—+ . 0). 
€y €;~— 401/W 


The latter condition cannot be met for any value of \ if the imaginary parts of wp and u, are to 
be greater than zero. It now appears that Zenneck solved the matching equation Ao= Ky, in 
place of Ay =—A,. 


Returning to the general case, it is seen that 


R K,—Z, (38) 
ky T Z, 
has a pole (i. e., becomes infinite) when 
Ky+Z,=0. (39) 


This is termed the “resonance condition.’”’ For the homogeneous half-space, this resonance 
condition is simply Ay,+A,=0, which is identical to Zenneck’s equation for a surface wave. 
Although it is not possible to set up a surface wave in the sense envisaged by Zenneck, it 
is possible to retain his solutions if the disturbance in the upper medium is a wave containing 
a factor e~“ in place of e+“, and the boundary condition becomes Ky= Ay, which corresponds 
to the “‘matching”’ condition. 
In the case of a stratified media, it may well happen that the “resonance” condition 
Ky)+-Z,=0 is satisfied. Rewriting this as 
Luni, (40) 


Ew 


and since for a surface wave up is to be mainly real (i. ¢., small imaginary component), then Z, 
is to be mainly imaginary (in the positive sense). Such a surface characteristic is described as 
inductive. The quantity \, which describes the transverse propagation, is mainly real and 
somewhat greater than ky [i.e., W=u5+hki). 

A simple example of an inductive surface is a highly conducting plane, coated with a thin 
uniform film of dielectric. From eq 6 with Z,=0 (or y,.= ©) 


Z,= kK, tanh why, (41) 


where /, is the thickness of the film. For thin films, and po 


Z,™ Kyttyhy=ipowh, | 1- 7 (42) 
This can be further approximated to 
Z==ipowh,[1 — (ho/k)"], (43 
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since \ is near ky. Such a surface is therefore almost purely inductive. In this case, 
Uo= Eyugwr*h—kth, 


and 
A= (u2+-k3)*=Kep[1 + (koh) 2] 2 ~ kol 1+ (koh) ?/2], 


where h=h,(1—kj/k}). The wave has a phase velocity in the transverse (x) direction, which 
is 1—(kh)?/2 times that of free space, and it decays rapidly in the z-direction. This approxi- 
mate solution is valid if koh (or koh;) is small compared to unity. 

In general, the determination of the poles in the reflection coefficient 2, leads to transcen- 
dental equations that must be solved by numerical or graphical means. A discussion of sur- 
face waves on dielectric coated conductors without the restriction that A, be small has been 
given by Atwood [5a]. The subject has also been discussed by Goubau [5b]. 

Further remarks regarding surface waves will be made in a later section following the 

a 


~Me 


° . . / 
analysis of the excitation problem; a & i 





5. Line-Source Excitation 
-. 


In problems of reflection from stratified media, it is more meaningful from a physical 
standpoint to consider the source a localized distribution of current. No physical source in 
existence produces pure plane waves, although in certain limiting cases the fields have charac- 
teristics closely akin to plane waves. An example is a line source of electric current. It was 
shown that at large distances from the source, the electric and magnetic field were mutually 
orthogonal to one another and to the direction of propagation [7]. It might then be conjec- 
tured that the reflected wave for a line source located high over a plane interface could be 
computed from the plane-wave reflection coefficient. Such is the case if certain limitations 
are imposed, 

It is the purpose of this section to extend the plane-wave solution to the case of an (infinite) 
line source of (constant) electric current located at height h above the stratified medium con- 
sidered in the previous section. The coordinate of the line source is taken as (0,y,—h), as 
indicated in figure 4. 

In view of the symmetry, the electric field only has a y component £,, for any of the layers 
(the subscript y on £,, is dropped for convenience). The direct, or primary, field # in the 
region 2<0 (above the interface) is expressible as 


™ 


pep — wed re yt t (2h) 44, (44) 


2r 


where Ky is a modified Bessel function. To convert the expression for * to a more useful 
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form, it is written as a Fourier integral as follows: 
| Ds A(a)e7*™dx. 45) 
By making use of the inverse property of the Fourier integral, it follows that 
zm 
A(n Bee™dr (46) 


2r. 
mate Kolyol2? L (2+ h ) 2] 2] OM] (47) 
4x* . 


This integral is evaluated to give 
rey | 
A(h) = — A" “gt th). 
2rUo 
where w= (+3) and where the + sign is to be employed for (z+h)<0 and the sign 
for (z+h)>0. 


The resultant field in the space 0>2>—h is then written in the form 


, - i wl >+h) : 
E, Me ue aL ug(z+h)_} Rie ug (r—h ] exp ( -arr)dx, 48 
dn 
where the term containing R, (A) accounts for the presence of the stratified medium at 2=0 and 
is as yet unknown. Eq (48) satisfies the equation (V?—y,)4,=0, and behaves in the proper 
manner as z—>—hA and z-0. The corresponding expression for /y in the region —h>2>—@ 


is identical to eq (48), except that the (—) sign on the first exponential should be changed to : 
sign. ) then decays properly to zero as z>—. 

The integral representation for E, has a clear physical meaning. When the symbol 
d is identified with ky sin @ or —iy sin 6, the field E? is a spectrum of plane waves of (complex) 
angle @ of incidence. The complete field ) contains a spectrum of both incident and reflected 
waves [7]. The structure of the integrand in the integral representation for EZ is identical to 
the corresponding factor in the plane-wave solution in the previous section. In fact, the 
correspondence carries over to each of the sublayers. For example, in the present problem, 


for m=0 to M, 
| Oe tnd) me ba rer’ } Mdy, (49) 


‘, ok, 
ints =>? — tm old = 


and 


The solution of the present problem *is thus immediate; 


b,(d) N,(d) Y,(d) 


R,W=s . ; ’ 50) 
F a(A) NiA+Y1A) 
where 
yo Ym+i(d) + Vin(A) tanh Umbem = 
Ny (WN) +Y (A) tanh 4, h,, 
with m=1,2 .. ., M—1, and Vy(A)=Ny(A). 


Equation (48), along with (50) and (51), constitutes the formal solution of the problem. 
The remaining task is the evaluation of the integral in (48). Except in certain limiting cases, 
certain approximations must be made in order to obtain a useful result. 


4 Campbell and Foster [6], pair No. 917 
8 It should be noted that eq (50) has the same form as eq 
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The simplest limiting case is when the interface becomes highly conducting. Then, since 
y12@, R,O)2—1, and 


,  — wl (t* 7” : tes 
Kk, = | Uo, l le ug(z+h — eo Ve M7), (52) 


Both these integrals are of the same type and may be readily evaluated in view of eq (46) 
and (47). Consequently, for 20, 

’ —_ ipowl K 2 * 9114 - ° 2114 iad 

by Qr Solvolz? +- (2 +-h)?]’*]— Kolyol2z?+ (2—h)?)*] P- (53) 

It can be readily verified that (V?—y)£,=0 for —z>0 and, moreover, 4:=0 for z=0, which 

is the required boundary condition for a perfect conductor. It should be mentioned that an 

equally simple result is obtained for cases where u, ©, corresponding to a rather hypothetical 

situation where the interface at z=0 is behaving as a perfect magnetic conductor. Then 


R,(\)~+1 and the solution for £ is identical to eq (53), with the second term inside the 


braces changing sign. 


When |yoh l and h> —z, eq (53) for Ey can be written in the form ° 
. ly YoR 
" — Lpgwl Tv - € 0480 _= = _— - : oe as ie 
k= ( ) one —er¥o%)! e—t (54) 
Qr 2 (PR)! , . 
where W=—=((X)?-+¥)"",  X=—7y sin 6, and where Q is the geometrical reflection point such 


that the ray /Q and the ray QP make equal angles @ with the normal at Q. The quantity Rp 
is the length of the ray from the line source to the point of reflection Q. In fact, Q is taken as 
the new origin of the cartesian svstem x, y, 2, as indicated in figure 5. 


Geometrical interpretation for the secondary 


P(x,y,z) Ficure 5. 
field. 












| 
| 
| 


Equation (54) can be simplified even further by noting that the quantity prefixing the square 
bracket is simply the amplitude of the incident wave. When this is normalized to unity, 


| l ug(Z)__ ptug(z Je tar 


(55) 


which is readily identified as an incident and reflected plane wave with an angle of incidence 

and reflection of 6. To generalize, eq (55) for a stratified medium, the reflected wave would 

be simply modified by a reflection coefficient for an angle of incidence 6. The modified form 
would be 

ky le uo? | R (dX)et*] ¢ nz (56) 

A suggested modified version of eq (53) to account for the stratified nature of the medium 


would then be 


hy~ oe (yola2+-(2+-h)2]"*] + Ry (6) Ko [yola?+- (< wr}, (57) 


when /?, (@) is the reflection coefficient for a plane-wave incident at an angle @ on the interface 
z=0. The angle @ is determined by simple geometrical considerations, as indicated above.’ 
* The first term of the asymptotic expansion of the modified Bessel function Ko(a) is only retained, i. e., Ko(a)™e~*(x/2a)* 


* Note then tan 4 h 
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This result, which has been derived by an elementary approach, considers only the specular 
component. For smaller values of |2| and / the situation becomes more complicated because 
surface waves within the layers may be excited. This question will not be pursued further 
at the moment. 


6. Line Source on a Homogeneous Medium 


When the line source is situated at the interface (h=0) between two media of semiinfinite 
extent with electrical properties «©, uo and o;, &, uo, respectively, the electric field E) is given by 


. innwl ([° cos Ar... 
| DF = —et“F dy, (58) 
r 9 Uy, +U, 
for ->0. This is a special case of eq (48) with h=0 and 2,=h,= ©. Noting that 
l Uy Up, U, Un 
Uj;+Uy Ui—Us Yi—Y 
it follows that, for -=0 
, —Apowl : ’ : 
k,=- Ln = : { | u, cos ArdA— U, COS rw}. (59) 
TY} Yo) eI eV 
Since 
a r ug 2 = 
Lim cos Ax dX= Ko (yor), (60) 
which is equivalent to eq (45), it is seen that * 
wa O° a - “ 
(cos Ar) Uy ddr (43 —-— ) Ko (Yor yor =- Ky (V4) ¥o2 “* (61) 
0 ou 


Making use of this result, the expression for the electric field becomes 


ER " Luge l 


<3 ber Ki (or) —1ntKi (2)]. 62) 
r 


J 


This formula is exact. 
At large values of the argument 


- Tv 
a Y 
K Yi 4 ~( 5, r 6.5) 
and if the real part of y,2 is l, 
tug yo +> 
ho=& a "Ki, (yor). 64) 
e(yi—V) 2 
Furthermore, if yp=ik) where kyr is a real number 1, it follows that 


uch T est (i 
~ (. ) e~s . bo 
® (yi +-ki) \ Qkoa 
It is convenient to express this in terms of the primary field, 

‘Dp i ket , . iueol T 5 7. 
he or K Yor?) = In ( Dn 7 ) : Y (99) 

~ - -) 

ae | 1 (61) u l lK, da Ki /a—K a irgu 
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in the following manner: 


9;]. 
oN 2k, 


Fo __2%0 __ ‘ 
Ee (Mm—we (Nitko)x 


oe (67) 
The vertical electric field in the interface, for the current line source in the interface, is 


given by 


1 Of 
sail tpg Ox (68) 
r(yi—¥3) x [2yor Ky (Yor) +322 Ko (yor) —2n2Ky (112) —y322Ko(%,2)] (69) 
1 0 
and, if the real part of 12 > l. 
vol OY a ‘ ro : P 
Hoe haya (102) + yorKo(yor)], (70) 
l 0) 
which simplifies further, for the case |yor|>>>1, to 
Hye (. = Waeeat ” (71) 
ae (yi —ya)a\ Qyor — 


where 
No = Vpow|Yo= woe/keg= (uo/€o) 


The field at very low frequencies near the line source is also of interest. For example if 


lyori< < l, 
Hh. : [2—2y, 7K, (y12) —(y:2)?*Ko(112)], (72) 
yr” 
which approaches —J//2rz as y,7 approaches zero. 
The magnetic field Ho, expressed as a ratio to the primary field H?. (= —J/2xz) is plotted 


in figure 6 as a function of |y,2| under the assumption that «w/o, 0. 


— — - _ ’ 


Figure 6. Response of a line source on 


a homogeneous half-space. 


7. Line Source Over a Thin Layer 


The general solution for M layer can also be specialized conveniently to the case of a line 
source at a height 4 over a thin sheet of thickness h, and conductivity o,;. The following sub- 
stitutions in eq (48) are made: p,=po, M=2, yo=yo where it is supposed that the medium 
above and below the sheet is homogeneous. The electric field for z - -0 is given by 


ino l i *? De eos Ardr ois 
| a Ko (yor) - Ko (yor) ? (49) 
2r , 0 U.t Uo ; 
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where 
Uy +uU, tanh u,h, 


u Uy; , 
. u,+U, tanh u,h, 


ri=(z+h)?+2? and r3=(z—h)?+-27, (74) 


For small values of the sheet thickness h,; and large values of the conductivity o, tanh 
Uh, uh; and ew/o,< <1, 
and therefore 
wish, (7+ ¥Dhi = 2iq, (75) 


where q oUowh, 2. With these approximations, U.S Uo-t 2iq and then 


. “=e%=—™ cos Ardd 
hy= mae | Kolar) —Kolver )+ oun an | (76) 
Jo Uy +1q 


Using the result appropriate for large q, 


l l Un \" 
—-=— >*\(— 1) 
Uy +2q qa Mig) ‘ 
and noting 
; Pa) m eo h 
Wot ( Oz ) Uy, 1S 


it follows that, asymptotically,’ 


s — 9 ; in ; ‘ 1)” m1 - . 
parm i8el Ke twr)—Kotow) +3 P22) Koos} " 
m=0 (?q) 


where use has been made of the relation 


‘ h . 2 
( uy 


valid for (c<—h)< 0. 


The field £4 can thus be developed into an (asymptotic) series of inverse powers of gr, where 
the coefficients involve derivatives with respect of the modified Bessel functions. Using the 
relations K/}=—K, and K’ K\ = Ko+K,/r, the nth derivative of Ky can be expressed in 
terms of Ay and K,. The first few terms of the resulting series are given below: 


’ ( wl - ry 
E. a [Ko (Yor) — Ko (Yor2) + TVore,q)), S1) 
2r 
where 
_ \y OO \" P¥_(2—h) Ky (Yor) 
(4 );™~ . & ’ == 
T (Yr 2° > (5) (5-) | ro - 
i - l . om (2 h 2 y 
~ 4 Volz hy kK, Yol'2) + a1 ¥2(2<—h) 2h, (Yo?2 Yor ( 1—2 )K, Vols) b 82) 
ls Gre - M5 
terms containing | (qr2)’, I/(gre)*,  ete., (83) 
where r2=Oyp whyro/2 and 2<0. 
It can be readily verified that the field below the thin conducting sheet (2 >A) is given by 
E.=- een Te .g) | for cs} (S4) 
As a check, it can be seen that £)= EF, at z=0. Expressions for the magnetic field components 
can be found from Maxwell’s equations: 
| OF, | le 2 
H,..=- - and H,.——- of for m=0,2- 
lug OZ . tug Of 
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The above expansions developed in inverse 
conductive sheets when the source or the observer are not near the sheet. 
pansions can be developed for smaller values of qr». 


powers of (qr) are particularly suitable for highly 
Alternative ex- 


These are developed as follows. At low 


frequencies where Yor, and yor, are small compared to unity, yo can be set equal to zero, and it 


readily follows that 


; -innwl - 
where 
ia “= ¢- cos Ar 
1’, (B) | : dd and B=h—z- (86) 
0 A+7q 
Inserting the power-series expansion for cos Ar, /, becomes 
se 2, (—1)"2r™ (°” h2™e-Mdyr a 
T,(8)=>2 . ad (87) 
ane (2082) J0 A+ iq 
Since 
; ¢ aad .* . 
dx ( "189 F’) (—i Bq) (88) 
Jo At+iq 
where 
- . ta e~! 
fii -1 Bq) _ dts (89) 
eo + idg t 
it follows that 
‘ (—1)"2" oO\Ver oo 
T(8) > =/( ) ‘“Ki(—ig) | 90 
mao (2m!) J Oy : 9 (90) 


where @ oY h 


reduees to 


T,,(B) 


Using the latter result, it follows that the field /, for = - 


given by 
’ ipowl 2 
| _— log 
2r : 


' + Dpageot 
I: - ( 


for z-< 0, and 
2r 
lor 2 >0. 

The exponential integral £7 


the cosine and sine integrals as follows: 


hio;ugx'2. This is an ascending-series expansion in g. 


ig) with imaginary 


When r=0, it 


MR (— iBq)- (91) 
Oand EF, for 2->0 in the plane «=0 is 
-] Be 
; —e thy ich q) } (92) 
Tit 
ahi (—ilzet+h q): (93) 


argument can be expressed in terms of 


| Dat i C1u(q) ’ i 5—sico) | (94) 


\h here 


( i(¢) — dt 

are tabulated |S] for real values of qj. 
lt might be mentioned that 7)(8) for 4 
integrals, but then the argument is complex. 


aes 


) 


iC 


and Si(q) Its (95) 


7 


can also be expressed in terms of exponential 
For example, 


1(8—-7r)q)|- 96) 


Unfortunately, the exponential integral of general complex argument is not well tabulated. 
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8. Radiation Field of the Line Source for Any Number of Layers 


The evaluation of the integrals for the general case of any number of layers is not readily 
carried out unless certain approximating conditions are introduced. The field /, for the case | 


of the line source and the observer in the interface (c=A=0), is conveniently written 
E, tuctol ( cos Ar - 
Zr Jo Ut, 
where 
(Y./N,)+tanh wh, } 
. AF +-(¥,/N,) tanh | 3%) 


where }, is the wave admittance associated with the lower layers and is given by eq (48) et al, 
When /, becomes sufficiently large, it is seen that u,~w, and the fields correspond to a homo- 
geneous half-space. 

Now, when the subsurface layers are highly conducting, such that ‘y,,) >>|yo!, it follows 
that w,,—=(A?+-y2)"~y,,, since the important values of \ are when \ is of the order of |y,!. To 
this approximation 


uu, (A?2+-77) 2 V,, 


where y, can be regarded as an effective propagation constant. It is approximately given by 


Y, (Y./N,)+tanh wh, 
& =F 7 . 99) 
Y; 1+ (Y/N) tanh why Jy~ 
. 
For a two-laver medium (hi. ), y.™~y,/Q, where 
. } | 
(yi/Yo) + tann yh, 
Q~ 71/72 Yilty (100) 


© 1+ (y;/y¥e) tanh y,h, 


which ts identical to eq (13 
In analogy to eq (64) for the homogeneous half-space, the field £4 for the stratified medium 
can be written 
. / ws = . 
| Pa a B, vor) GF for V4 l. 10] 


ay ~- 
T / 


i a2 


The factor fy- can be interpreted as a correction factor to account for the presence of stratifica- 


tion in the half space A numerical discussion of () has already been elven. 
9. Magnetic Line Source Over a Stratified Medium 


In the previous section, a line source of electric current J over a stratified medium was 
discussed. The corresponding formal solution for a line source of magnetic current K is ob- 


tained by making the transformations: 1A, o_+-i€p@—>/in®, (m@>omt+ienw, E,-H,, 
H, k,, and J/1,—-—E,. The nature of the resulting integrals in the solution are, however, 
more complicated than in the electric-current counterpart 
The integral form of the solution can be written, for () 
we kK (t”. aa ; ; 
H, ; ie> "eo PX) e” é Madd. 102 
where the sigh is to be used for h < {) and the - SIZ) for h i). The refleetion 


cocflicient 1s now given by 
K,—Z 
? h) = —- 103 
I K,+Z 
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where Ay and Z, have their usual meaning. For a homogeneous half-space, for example, 
Z.= K, and if uw; =o, 
Vito Your 


Ryd) : ~ 
YilotT Your 


The coefficient 2,(\) can have a pole when ¥iuo+y¥u=—0, which is the “resonance” condition 


discussed previously. This complicates the evaluation of the integral and eliminates the 
possibility of using the formulas developed for the line-current source in the previous section. 
(There was no pole in the reflection coefficient R, (A) for a homogeneous half-space, because 
there is no solution of w+-u,=0.) 

If attention is restricted, however, to the field a large distance from the surface, or if the 
height A is large, it can be expected that contributions from the pole (which are surface waves) 
are small compared to the specular component. Then with analogy to eq (57), the field is 
approximately given by 


Legokt 
2r 


H,= Kolyola?+- (2 +h)?]|4+- Ry @) Kolyo[z? +-(z—h)*]]}, (104) 


where /?,,(@) is the reflection coefficient for a plane wave (parallel polarization) incident at an 
angle ¢ on the interface (c=0) where tan @=2/(2-h). This result is only valid in the asymptotic 
sense, and hence to the same accuracy the formula reads 


—iewk (r\"T em ~~ oe 
Hy ——— ( R,® —, | (105 
2r >) (yor) “Us (Yo?2) » 


where only the first term of the asymptotic expansion of Ky has been retained. As can be 
verified by the saddle-point method (see next section), this result for Hy) quoted above is the 
first term of an asymptotic expansion. 











FIGURE 7. Magnetic line source over a dielectric 
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oo coated conductor. 
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10. Magnetic Line Source Over a Dielectric Coated Conductor 


As mentioned above, the integrals appearing in the solution for parallel polarization are 
complicated by the existence of poles. This occurs even in the case of a homogeneous half- 


space. Another relatively simple situation is when the upper layer is a pure dielectric and the 
region below is a metallic conductor [9]. The situation is illustrated in figure 7. 
Noting that Z,=0, the field for <0 can be expressed by 
—tewk (+ tho — tka A 
y= — eee tie: Tel ie (106) 
bor ev - Wont ky A 
where 


", te ‘ u 
_K, tanh Ush, aa & ; 


No O17 Wwe; 
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The integral has a pole where w+ ikyA=0, and this is denoted by \,. Furthermore, there is a 
branch point where w=0, which is when A=ky. Now for small values of h; (i. e., ki hy <1) A 
is also small (compared to one), and therefore 


Ky h, 1 pgaoh ki 
‘aia = me ~ '( | Ee) 


Therefore, to a first approximation, 4 does not depend on \ the integration variable, and the 
surface impedance Z,(™mA) is almost purely inductive. The pole is then given by 


XN, ~ hol 1+ oh )?]"2 ~ kyl 1 + (koh )?/2] (107) 
where h h, (1 —ko/kj) 


The integral for //, is now in a form where it can be evaluated directly by the modified 
saddle-point method. A similar integral appears, in the case of a dipolar excitation. For 
the present purpose, however, it is possible to develop the first few terms of the asvmptotie 
expansion in a direct manner. 





FiGcurRE 8 Integration contour in the X plane 


The integration contour is shown in figure 8. The integration in the original integral is 
along () from — to +o. The pole A, and the branch point &) can have a small but vanishing 
negative imaginary part if the conductivity of the air and the dielectric is finite. The contour 
(, then passes above A, and /, but passes below —d, and —fh, 

Following standard practice in contour evaluation of integrals, the contour Cy is closed 
by an infinite semicircle (C,+-C,) in the lower plane, with an indentation along C,, C,, and C, to 
the branch point at &). The integral along (, is then equal to integral along the complete 
closed contour C minus the individual contributions of C,, C,, C., Cy, and C,. The contributions 
from C, and C, vanish as R->@, since the real part of uw) >0. Furthermore, the integral along 
the branch lines can be obtained as an inverse series in x (which is asymptotic in nature) by 
expanding the integrand in a Taylor series and integrating term by term. The integral around 
the complete contour C is simply —277 times the residue at the pole \,. Finally, it follows that 


the integral along (, is —27/ times the residue at \,; minus the contribution along the branch 
lines. 
The final result reads, for + (h 
i (ker r/4 ‘ 
-| u ( : ky \? | 
H, egalh | — e~ ** eT re OF + ( ) +-u,2) (1 u,h)- 
nN \2r u, - oe (ke,ar)3/2 
lus tert taining { 
ylus terms containing —y =,» ete. } 
| © Ukr)?” (kr)? 
where 
U,= \N-—k ikyA- (108) 


The first term in the brackets is the residue at the pole d,, and the succeeding terms are from 
the branch-line integration. The Jatter series is asymptotic and is usable if 
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Uy 
which requires that the pole A, is not too near’. Such a condition is violated when the thick- 
ness h, of the dielectric coating approaches zero. It is then necessary to apply the modified 
saddle-point method [10}. 


11. Fields of a Vertical Electric Dipole Over a Stratified Half-Space 


In the previous section, the excitation of the fields over a stratified half-space was by a 
line source. In this case the problem is a two-dimensional one. It is the purpose of this 
section to mention the extension to the case where the source is a dipole. This problem was 
formally solved by Sommerfeld in 1909 for the homogeneous half-space. 

A vertical electric dipole is to be located at z= —A over the stratified region of .M layers. 
The dipole is to be regarded as a current element of length ds carrying a current J. 

The situation is illustrated in figure 9, where it is noted that cylindrical coordinates 
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(p,@,2) are employed with the z-axis pointing downward as usual. The primary influence in 
the upper region (2<.0) can be expressed in terms of a Hertz vector, which has only a z compo- 


nent 2, which hereafter is denoted wy”. Furthermore, 


° ikyho 
y? ae — ; (109) 
T IWEy ty 
where 


Ro=|p?+(2+h ee 


lt is now assumed that the total fields can be expressed everywhere in terms of a Hertz 
vector, which also has only a 2 component, denoted y,,. (The justification for doing this is 
attained by verifying that the final solution satisfies all the boundary conditions and behaves 
properly at the source and at infinity.) For the mth laver, y,, satisfies 
(V?— yn )¥m=9, (110) 
except at the source where Yow’, for R,->0. This suggests writing 


w=’ +, (111) 
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te . , ‘ 
where Yp is the “secondary influence”. Since 


(Vv? v¥o)v? 0, (112) 
then 
(v?—y,)W=0. (113) 


In evlindrical coordinates and for azimuthal symmetry, the equation for y,, becomes 


ay © 


‘10 o oO” Ys 
(- 55° dp 02? yin ) Wn 


(). (114) 


It can be readily seen that solutions of this equation are made up of linear combinations of 


tum? J, (Xp 

Yy(Ap 
where, as usual, w,,= (A?+y,,)*, and 7;,= (t¢mitm©— Emme”), for m=0, 1,2 ..., M. Again by 
convention, the real part of u,, is to be taken positively. Since the resulting solution is to be 
finite on the axis p=0 when z#—h, the Y,(Ap) Bessel function can be rejected because it 
behaves as log p for small values of p. The -J)(Ap) Bessel function on the other hand, is finite 


oe Pa the previous solution for the line source, the parameter \ can take any value (with 
a few exceptions). The general solution for y,, is then written in the form 
y, | la», (d)e~*m? +b, (A)e"™] Jo (Ap)dr, 115) 
for m=1,2 ..., M—1. In region (0), fer z>0 
wH=Vv,+4 [aia “0? J (Ap)dx, 116) 
and in region (M), for z ul 


vu | (yy (A)e7 “™ dx. (117) 


To express y’ as an integral of the appropriate type, use is made of the Fourier-Bessel 
transforms, which read 


f(p) | g(A\)Jo(Ap) Add, (118) 
u 
and 
g(r) f(p)Jo(Ap) pdp, 119) 
« U . 
subject to the conditions that the integrals exist. Letting f(p)=« p 
2(\) = e~ *op Jo(X\p) dp. (120) 
« ) 
This integral is a standard type [5] and is given by 
l l 
d) (121 
(\?—k?) u 
and therefore 
( tal 2 ) eke R, 
Ai ¥ . 122) 
p % d* ke) : R h 
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To generalize the preceding to any other value of 2, the integrand must contain the factor 
e7w@t® because e~%/Ris a solution of the wave equation and necessarily becomes e~“»*/p 


as z-—A. Consequently, 


tka ko ; AT o(r je="o cade . 
= =| - rAd, (123) 
Ro 0 Uo 


where the sign of the exponent is chosen so that the integral converges. 
(i. e.. + for (2+h)<0 and — for (z+hA)>0). 
The 2 component of the Hertz vector for the upper region (2<0) can then be written 


nex + (2+h) ug ug (z—h) 
Wi ‘| a" - 4+-b(d) ‘ - ] Foren, (124) 
Ww here 
Ids 
adg=—. and &(\) 
ATi We, 


is to be determined from the boundary conditions. Now 


, Oh, ' | OF 
Lm p= tne7=0, Las —vYVe 5 Wm? 25 
Eme=>,5,? Em Ene=(—7 +53 )¥ (125) 
hte 
Ho=), Ho =o, 7 oo (126) 
Lim@® Op 


and since £,,, and Z/,,, are continuous at the interfaces z,,(m=0 to M—1), it follows that 
dy,, Oz and (o,+/we,)Y, are also continuous at the same interfaces. This leads to 2(4/—1) 
equations to solve for the 2(1/—1) unknown coefficients. It readily follows that 


bo(X) “o(A) —Z, (A) : 
ro (X RO» Ko(X) Z,(0) (127) 
(lo Kk, (\) | Z,(N) . 
where 
Z.n)=K.(r) Sms) + Kn (d) tanh Ulin (128) 


K,,(.)+Z,,.,(d) tanh 1,,h» 


The algebraic form of (A) is identical to eq (5) for the plane-wave reflection coefficient for 
parallel incidence. It is thus clear that the field of a dipole over a stratified half-space can be 
regarded as a spectrum of plane waves whose angle 6 of incidence and reflection is related to the 
variable X by \=fy sin 6. In this ease, the wave normals generate a family of cones coaxial 
with the 2-axis 

Equations (127) and (128) in conjunction with eq (124) constitute the complete formal 
solution. Approximate evaluations [10] can be carried out by using the same approach as in 
the previous sections or by a modified saddle-point method [11]. In view of the similarity 
with the line-source excitation, it does not seem justified to discuss this in detail, and the 
essential results will simply be quoted. 

As has been demonstrated, Z,(\) for a highly conducting half-space or even for a dielectric 
coated conductor, is mainly determined by the electrical properties of the layers. In other 


words, ROA) can be replaced by 


Rn) =o, (129) 
Uy t-iky A ; 
where A= Z,/n)—Z,/1202 is assumed to be constant. The form of Yo is then 
ads . () theo A . 
Yo a - [ bug (srk) 4 ; =, AS Ne —n po \p)dx. (130) 
tT IWEQ J 0 Qt UR, 
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This can be rewritten as follows: i 


Ids e oko = ¢— thoR) 
+ ——2P |, (12 
¥ 4rriwey Ro PR 131) 
where 
Pyo=[p?+ (2+h)7]'2, R,=[p?+ (2—h)?], 
and 
‘ (ikpAA) ¢ ue (f 
PP . dal dx. (1°29 
Jo (to + tkoA) uo - 132) 
This integral has been previously evaluated [10, 11]. Subject to A’. 1, it is given by 
: ; PE le ak 
P~i(xp )*2 e@~”“ erfe(rw':) : 133) 
R, 
where 
( | 4 h C ) 
w ), - ’ 
/ AR, " 
ikoh e 
Pp > Aé¢ P é 
and 
be 2 j . 
erte (awe aa dae 
\ 7 oe i" 


The expression for P can also be written 


> a, op . Kok ‘ 34) 
/ Ak a 0 | R, 134 


where ' 
Fw) | (mw) *e~“erfe Ga). (1335) } 
It is noted that when - h 0). 
Ids ( “oP > | 
Wy Fp), 


Qriwe, p 
and the vertical electric field is given by 


’ inwlds ; . 
k,.~ = f ( ‘ F’(p,) for kyp Ae / 


2p 
The funetion ip.) can be regarded as the correction to the field of a dipole on the surface 
of a perfectly conducting plane. For |p|< <1, it approaches unity. /(p,) has the same fune- 
tional form as the ground-wave attenuation of Norton [6] who presented numerical values for the 
case where (in the present notation) 6 is in the quadrant 0° to —180°. For a homogeneous 
ground A has a phase angle in the range 0° (for a perfect dielectric) to 45° (for a good conductor). 
The corresponding values of / are 90° and O°, respectively. For a stratified ground, however, 
the phase angle of A may be outside this range. In the particular case of a two-layer conducting 
half-space, the parameter p, can be written 
9 i yp 9 | 
P=N¥, where Py ms (71/o)*> 
and where 
Y,/Y.) +tanh v,h, 


i) ( ’ 
d 1+ (¥,/¥.) tanh y,h, 


c 


in terms of the propagation constants y, and y2 of the upper and lower layers and the thickness 
h, of the upper laver. This function & is discussed in section 2. From figure 3b it is seen that 
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for a highly conducting substratum ¢ can become positive. Consequently, the phase angle 6 
can exceed 0 and would approach 90° for |y2/y,|-> ©, and yAy<<1. 

In analogy to the terminology introduced by Sommerfeld for the homogeneous half-space, 
p, is here described as an effective numerical distance. The propagation factor F,=(|F,\e~", 
is shown plotted in figures 10a and 10b, as a function of |p,| for a range of 6 values. The curves 
for 6<0 correspond to those computed by Norton, and it is interesting to note that for this 
region, FF, never exceeds unity. On the other hand, when 6>0, |F.; may exceed unity, and 
for b=90° this effect is most pronounced. Apparently, in the case where 6 is positive, the 
energy is being guided to some extent along the surface. This effeet can be seen in the asymp- 


totic development of F(p,), which, for |p,|>>>1, reads 
' l 1-3 13-5 0 163-57 . 
I (Pe) = —_— _—— — om « © « (136) 
2p. (2p,)* (2p,)° (2p,)* 
when —2r<b<0, and 


; ; l 1-3 1-3-5 - 
, ~~ 9; Diced — _ am © 6 « (134) 
F(p,) -/ y Tp 2p, (2p,)? (2p,) 137 


when 27 >hb>0 


The term —2/, rp.e~’« has all the characteristics of a surface wave. It is not present in the 
asymptotic development when 6 is negative. At b=0, 27, or —2z, p, is real, and this term 
vanishes asymptotically. The trapped surface wave is most predominant when 6=90°, 
which corresponds to A or 7, being positive imaginary. For example, if the surface is coated by 
a thin dielectric film of thickness h, with a dielectric constant «, 


Zi poh, {1 €; e|~7N, (138) 
which is purely imaginary. Then, since 


ik 


p — (Z;/no)*, (139) 
Pe= pee", or b=w/2 radians=90°. The attenuation factor now has the asymptotic 
developmen 
: =P } ,. # iy) 
Fp.) = —2 "Vy e| ple” e+: + —— , eee (140) 











where 


hyp X? 
Bl= 
and the vertical electric field is 
’ i wlids 7 ’ 
| r e~**o? F’(p,), 141 
2rp 


which shows that the (trapped) surface wave component varies as 
ta © 
an (2 ==) . 
v kop 


which has the characteristics of a cylindrical wave traveling in the positive p wtin a phase 


X? 
( I-35 ) 
times that of light. 
The (trapped) surface wave is not excited when 6 is negative, and then the distant electric 


velocity 


field varies asymptotically as 
l 
kop)? . 
which has a phase velocity equal to that of light. 
When the source dipole and the observer are both raised above the surface (i.e.,4->0 and 
0), the field in the upper half-space can be expressed conveniently in the asymptotic 
sense as the sum of three partial fields in the manner 


i owl. / a Ids 1 9 
y ly Yn 1 EWs| a ’ 42 
TT 1WeE 
where «=0 for 6<0, and « | for b>0. An asvmptotic development shows that 


‘ kk ( At 


| L+3 le} Tinted, * 
v t t = on l 
{ pil ( ma 2p l Cc 4)* ty l ( A } R “ 


and 
r\ ‘ } 
y =~ — ; 22 Tri ¢ > 145 
ata’ h 
where 
hi h , 
( , , + k=2nr wavelength=k 
li if 
and A=Z;/7 
In terms of Yo, the vertical electric field components for hop lis given by ky. ~kil— 
C~)¥ 


In the above, y, can be identified as a geometrical optical term being just the primary 
field ¢~*“0/ Ry and a specularly reflected component e~ “1/2, modified by a reflection coefficient 
C'—A)/(C +A). is an asymptotic expansion containing terms varying as P,~7, R,~*, ete. 
y,, Which is only present for positive ) values, represents a (trapped) surface wave and has a 
phase velocity less than that of light When 4 is negative there is no (trapped) surface wave 
present. 

Sometimes y, itself is called a space wave and y, a surface wave. This usage would cor- 
respond to that of Norton [3]. This would be an obvious designation when the half-space 1s 
homogeneous because ¥, Is zero, and there is no trapped surface wave excited. 

Equations (143), (144), and (145) enable one to compute the field in the upper half- 
space (7<0) for an electric dipole located at - h in terms of the ratio A of the surface im- 
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pedance Z, to that of free space m. As a first approximation, Z, could be replaced by Z,(A) 
for \=0, which would be the normal surface impedance. Clearly, a better value would be 
Z,(d,), Where \, is the saddle point of the integral in eq (130) or (132). This would mean that 


Z, (Xs) 
A= ’ (146) 
No 
where A,=/oS, where S=p/R,; = ¥1—C*. For a homogeneous half-space, with u;= po, 
Ki.) Uy (Xs) - 
A= J = -— i\ . — (147) 
No (01-44 WWE!) No 
2 \% 
= 1—™ 2)". (148) 
No Ni) 


The coefficient (C—A)/(C+-A) in eq (143) now can be identified as the Fresnel reflection co- 
efficient for a plane wave with parallel polarization incident at angle 6. The equations are 
now in complete agreement with the results of Norton [6] for a vertical electric dipole over a 
homogeneous conducting ground. 

The corresponding treatment for a vertical magnetic dipole located at z=—h over the M 
lavered half-space is almost identical to the above. The quantity Y is then to be identified 
with the 2 component of the magnetic Hertz vector, and then A is to be defined by A=mV4, 
where }, is the surface admittance at the interface z=0. 


12. Appendix 
12.1. Effect of a Transition Region on Reflection 


The reflection problems considered above were entirely concerned with layered media. 
Each layer was assumed to be homogeneous and bounded by a sharp interface. 

In certain instances the dielectric constant or magnetic permeability can be regarded to 
vary ina simple analytical fashion. In such cases, it is sometimes possible to obtain a solu- 
tion of Maxwell’s equations in terms of known functions. The reflection coefficient for a 
medium in which the dielectric constant may be expressed as a power of one coordinate has 
been considered in great detail by Forsterling [12]. The hyperbolic transition has been con- 
sidered by Rydbeck [14]. 

In this appendix, a treatment of the linear transition between two lossless dielectrics will 
be given. Actually, this is a special ease of Férsterling’s model, but the mathematics is some- 
what simpler. 

The situation is illustrated in figure 11. A plane wave is incident at angle @ from the air 
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to an interface at z=0. The electric vector is perpendicular to the plane of incidence. The 
dielectric constant between z=0 and z=d is a function of the coordinate z and denoted ¢(2), 
The region below, 2>d, has a dielectric constant ¢, which does not vary with 7. The magnetic 
permeability of the whole space is taken as yp and assumed to be constant. 

The electric field, which has only a y component, can then be written 


Fog = [em ito €08 0+ Reiko: €98 0) ¢ in for 2<0, 149 
and 


ke, Ti m4 ast for 2 >d, 150 


where 4 is related to @, by ky sin @:=ky sin 6. The constants R and 7 are to be determined by 
the boundary conditions at z=0 and z=d. 
Within the transition layer, the field components satisfy Maxwell's equations 


Of, . 
sa =ipwoll,,. L5la 
eo HT ik, sin Of;,. L5lb 
ani 
i. ' ’ 
= ile, (2 €, sin? @|wilt)> l5le 
0: 


where /, is the y component of the electric field in the transition region. For a linear transi- 
tion, 


€, (72 é,(1+-Bz), 52 


where 8 € €)) el A new variable W is Now introduced, defined by 


‘ 2 9 Nc 
W=W,(14+_) and W=TET SE. 53 


cos? 6 36 


Equation (15la) and (151b) can then be written 


dE, . dH,, 
eee es) il ; ‘Ww uy? Ld 
€ AW Ly I] ind iM € | } 
where e=e €, sin? @. 155 
These equations are combined to give 
ke 1 de d ; 3 
=~ =f : +w-u J ° Lob 
(yet ocaall )E,=0 
But, since «const WW 
1 de l 157 
%edW BW 
Furthermore, if the substitution 
/ Woy 15S 
is made, y satisfies the equation 
-y UY uy TT m4 
We pat Wa t( uel? — 2, WO, 159 


which Is Bessel’s equation of order 1/33. lndlependent solutions ure eS wu i and J 
wp HW’). 
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The general solution for /£; is then written 
h,=(W Wo) [Adi (com ‘W)- BI a(wp?W)| <exp(—tker sin 4), (160) 
where <A and B are constants. The magnetic-field components are obtained from 


l ID ky sin 6,, 
° : and H,. = | ORR (161) 


H.,.=: 
? tUgW Oz Mg ® 


and need not be written out. 
The four unknown constants 2, 7, A, and B are obtained by matching the tangential 
fields at 7=O and -=d. That is, 


I to I J I HH kh 
ok, dk, | ® ox, OF, (162) 
Oz O02 J<0 Oz Oz Lue 


Omitting algebraic details, the expression for the reflection coefficient can be finally written 


1—G 
R , 163) 
~14+6 “_ 
where 
’ (a hy t+ dob ) . :( My Go Pv > 
i! snk > a) (164) 
(bog: +o 71) — 7 (ob; —ay bo) 
where 
lo Si.(20), Po Je (Io). 
bo=JI_x(t0), Go= I-25 (20), 
Q=Aw(4), ~Pymde(n), 
6,=J u(t), % J _s.(z,), 
with 
a or aN* 4r 
/ = , ry ro , 
N2—] } N?—1 
and 
ke H d H 
‘OS Oo ‘OS Do, 
Qa Dn ct — 
Vy (€o/€,—sin? 9) '* 


cosé 


Employing tables of fractional order Bessel functions [15], the magnitude of the reflection 
coefficient |), is plotted in figure 12 as a function of @ or (d/Ay)cos %. The abscissa is propor- 
tional to the thickness of the transition region. Two values of N are chosen, 3 and 5. 

It is immediately apparent that the effect of the transition region is to reduce the reflection 
coefficient. For small values of (d cos @)/X)), the reflection is governed almost entirely by the 
(normalized) relative refractive index N. In fact, as d— 0, it is readily seen that 


I—N_ cos 6)—(€2/€,—sin?4p)' 


RP : — , 
I+AN COS@+- ( €2/ €;— sin’@,)*? 


(165) 


Which is the classical Fresnel formula for perpendicular incidence. As seen in figure 12 |R 
0.5 for N=3, and d=0: P| =0.666 for N=5; and d=0. 
In the language of transmission line theory, the transition laver is acting as a matching 
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FIGURE 12 Reflection coe ficient for a linear transition laywe 


section. Its function is to match the impedance in the air region (2<0) to that of the lower 
region (2 >d). 

The simplicity of the above analysis is due primarily to the choice of the polarization of 
the incident wave. In the corresponding problem for parallel incidence, the resulting equations 
for the magnetic field component in the transition layer are not expressible in terms of Bessel 


functions 
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criticism of the manuscript. 
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